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Introduction 
 
No matter how well a survey questionnaire is designed and no matter how efficient a data 
collection procedure is employed, missing values almost always exist in survey data. There are 
two main reasons for missing values, survey (or unit) nonresponse and item nonresponse. 
Examples of survey nonresponse include when sampled subjects are unable to be contacted; 
when sampled subjects refuse to respond altogether; when sampled subjects are found to be 
out-of-scope. Examples of item nonresponse include when sampled subjects refuse to answer 
certain questions; when sampled subjects are unable to answer certain questions; when 
interviewers fail to ask the question or fail to record the answer; when an inconsistent response 
is deleted in data editing. 
 
One of the most common methods to compensate for survey nonresponse is through weighting 
adjustments; that is, to reassign the weights of the nonrespondents to the respondents. 
However, there are some problems with the use of weighting adjustments for dealing with unit 
nonresponse (Rubin 1996): 
 
• Even in the simplest case of unit nonresponse, where the shared data base of respondents is 

fully observed (i.e, there is no item nonresponse), many ultimate users’ complete-data 
analyses do not allow for sampling weights. 

 
• Even with complete-data analyses that can deal with sampling weights, the construction of 

intervals and p-values that validly account for the fact that nonresponse adjustments in the 
weights are estimated from data are not immediate from complete-data analyses. 

 
• With general patterns of nonresponse, special analysis methods need to be developed and 

special software needs to be written. 
 
• Weighting adjustments are focused on unbiased estimation and are essentially blind to 

efficiency concerns. 
 
Given these problems with using weighting adjustments, imputation has become one of the 
most popular tools used to solve missing value problems in survey data analyses. The use of 
imputation to create complete data can have the following advantages:  
 
• Data collectors usually have more inside knowledge about the reasons for the missing 

values. This inside knowledge can be used in imputation; 
 
• Missing values complicate the data structure, so that more sophisticated statistical tools are 

required to conduct analyses. Imputation may ease this difficulty; 
 
• Imputation can prevent the loss of information due to deletion of incomplete records if the 

statistical methods used (e.g., regression) require complete records; 
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• Imputation can reduce nonresponse bias in some situations; 
 
• Pairwise correlation matrices computed from incomplete data may not be positive definite. 

Imputation can avoid this problem.  
 
The basic objective of imputation is to allow ultimate data users to apply their existing analysis 
tools to any data set with missing values using the same command structure and output 
standards as if there were no missing data. Most imputation methods such as “complete-case 
analysis,” “available-case analysis,” and “fill-in with means”, satisfy this basic objective and so 
have a certain appeal. However, it is certainly not enough to just achieve this basic objective. 
Another desirable objective is statistical validity: assuming that the ultimate user’s complete-data 
analysis is statistically valid for a scientific estimand, the answer that results from applying the 
same analysis method to an incomplete-data remains statistically valid for the same scientific 
estimand assuming the truth of the database constructor’s posited model for missing data. This 
goal can be achieved through some imputation methods, but cannot be achieved through others. 
 
It is probably a popular misunderstanding that the goal of imputation is to predict individual 
missing values. This is popular because of hot deck imputation methods which attempt to find 
the best match (donor) for each missing case. A better estimate for each missing value not 
necessarily leads to a better overall estimate for the parameters of interest. Here is a 
counterexample given by Rubin (1996): suppose we have a coin that, in truth, is biased .6 heads 
and .4 tails. This known truth is model A, whereas model B asserts that the coin has two heads. 
Using model A for creating imputations (i.e., future predictions) yields a hit rate (agreements 
between predictions and outcomes) of .6 × .6 + .4 × .4 = .52, whereas using model B for 
predictions yields a hit rate of .6. This does not mean that model B is better than model A for 
handling missing values. Filling in missing values using model B yields the invalid statistical 
inference that in the future all coin tosses will be heads, clearly inconsistent for the estimand Q = 
fraction of tosses that are heads, whereas using model A yields consistent estimates for all such 
scientific estimands.  
 
Many imputation techniques and imputation software packages have been developed over the 
years. Different methods may work well under different circumstances. It is advisable to 
conduct a sensitivity analysis when choosing an imputation method for a particular survey.  
 
This task reviewed about thirty imputation methods and five imputation software packages. 
Eleven of the most popular imputation methods were evaluated through a Monte Carlo 
simulation study.  
 
This report consists of five chapters. The first four chapters are on methodology discussions 
based on our review of numerous papers and books. Chapter 1 describes about thirty most 
commonly used imputation methods with brief discussions of their strengths and weaknesses. 
The imputation methods used across the national surveys conducted by the National Center for 
Education Statistics (NCES) are also summarized in this chapter. Chapter 2 discusses five 
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imputation software packages. Nonresponse bias correction via imputation is addressed in 
chapter 3. Variance estimation with imputed data and multiple imputation inference is discussed 
in chapter 4. Chapter 5 reports the results of the simulation study, which evaluates 11 imputation 
methods according to eight evaluation criteria for four types of distributions, five types of missing 
mechanisms and four types of missing rates.  
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Chapter 1 Imputation Algorithms 
 

Imputation methods are generally classified into two categories: random (also called 
stochastic) and deterministic. A deterministic imputation method determines one and only one 
possible value for imputing each missing case. Once the imputation scheme is set up, the 
imputation result is unique. On the other hand, a random imputation method draws imputation 
values randomly either from the observed data or from the predicted distribution. Multiple sets 
of imputations can be created to capture the uncertainty between imputations via any random 
imputation method. Generally, a random imputation method adds more variability to the 
statistics computed from an imputed data set than a deterministic imputation method. 
 
However, in this chapter, we will discuss imputation techniques under five categories: 
 

• Simple deterministic imputation 
• Simple random imputation 
• Model-based deterministic imputation 
• Model-based random imputation 
• Bayesian-related imputation methods 

 
It is easy to see that these five categories are not mutually exclusive; we are using them mainly 
for convenience of discussion.  
 
1.1 Simple deterministic imputation method 
 
1.1.1 Deductive imputation 
 
This method deduces missing values from available information, such as similar items in previous 
surveys, related items in current surveys, etc. To apply this method, the user needs to find some 
deterministic relationship between the missing item and items from other resources. Cold deck is 
one deductive imputation method that uses information from previous similar surveys. Generally, 
it is impossible to find enough information to impute all missing items in a survey using deductive 
imputation, but this method can be used to impute some of the missing variables. Whenever 
possible, deductive imputation should be used before any other imputation method because it 
provides accurate or approximately accurate imputations for missing cases. However, the 
performance of a deductive imputation method completely depends on the available sources. 
 
1.1.2 Overall or cell mean imputation (also called adjusted mean imputation or substitution 

method) 
 
This is the simplest but least attractive imputation method. Overall mean imputation uses the 
overall sample mean to replace all missing values in the data set. This method can provide 
unbiased estimates for the population means or totals only if the missing values are missing 
completely at random (MCAR). Cell mean imputation first uses some auxiliary variables to form 
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imputation cells, and then replaces missing values in each cell with its sample mean. The method 
can give unbiased estimates for the population mean or total if the missing values only depend on 
the auxiliary variables which are used to construct the imputation cells. However, the distribution 
of the data will be distorted substantially and the concentration of all imputed values at the cell 
means creates spikes in the distribution. Therefore, quartile estimates will be biased, and the 
variances materially underestimated.  
 
If the mean imputation method is used, it is advisable to calculate the variance-covariance 
estimates using a denominator of n-m-1 instead of n-1, where n is the sample size and m is the 
number of cases missing one or both variables for pairwise covariance estimate calculation. We 
will call this strategy the adjusted mean imputation (or substitution) method in this report.  
 
Cohen (1996) suggested another way to adjust variance estimates by imputing more diversified 
values for the missing cases. For example, instead of imputing the mean for all the missing 

values, Cohen suggested imputing half of the missing values with y
n r

r
Dr r+

+ −
−

1
1

 and the 

other half with y
n r

r
Dr r−

+ −
−

1
1

, where r is the number of response values, yr  is the mean of 

observed values, and 2
1

2 )(
1 ∑ −=

r
rir yy

r
D . This type of adjustment will retain the first and 

second moments as observed.  
 
1.1.3 Deterministic hot deck imputation 
 
Hot deck imputation is one of the most popular imputation methods because it is simple and 
intuitively makes sense to many practitioners who do not have a strong statistical background. 
Hot deck imputation does not employ any explicit statistical model. Its major disadvantage is 
that it can not recover typical values for objects with certain characteristics if no such subject 
responds to a survey. Hot deck imputation employs many methods. The following are the most 
popular deterministic hot deck imputation methods.  
 

(1) Sequential nearest neighbor hot deck imputation. This method is also called 
traditional hot deck imputation. The first step in this method is to use some auxiliary 
variables to specify imputation classes. Second, within each imputation class, a single value 
such as the class mean or some pre-specified value is assigned as a starting point. Then the 
records in the data file are treated sequentially. If a record has a response for the target 
variable, that value replaces the previously stored value for its imputation class. If a record 
has a missing value for the target variable, it is assigned the value currently stored for its 
imputation class.  

 
A major attraction of this method is its computing economy, since all imputations are made 
in a single pass through the data file. A disadvantage is that this method may easily give rise 
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to multiple use of donors, a feature which leads to a loss of precision for survey estimators 
(Kalton and Kasprzyk 1982).  

 
(2) Multivariate matching. In this method, donors and donees are matched on several 
predetermined auxiliary variables. For each missing case in each matched class, the nearest 
donor is chosen for imputation. If no donor is found in a matched class, the class is 
combined with other classes to obtain donors.  

 
While this method is not convenient to implement using computer programs, an 
approximately equivalent imputation algorithm may be used to replace it. The algorithm first 
sorts the data file with the same auxiliary variables, and then imputes the nearest response 
value for each missing case. This alternative method is very easy to implement. The donor 
and donee will match on all auxiliary variables if such donors are available. Otherwise, it 
will automatically find a donor matched on some of the auxiliary variables, which is 
equivalent to collapsing the matched classes.  
  
(3) Distance function matching. This method imputes the nearest response value for 
each missing case according to some univariate distance function of auxiliary variables, 
such as the norm in the multi-dimensional Euclidean space, Mahalanobis distance, the 
difference between the predicted values from a regression model, etc.  

 
1.2 Simple random imputation methods 
 
1.2.1 Overall or cell mean imputation with random disturbance  
 
To overcome the underestimated variance typical of the mean imputation method (see section 
1.1.2), we may add a small disturbance drawn from a distribution with a mean zero and 
variance-covariance matrix equal to the observed variance-covariance matrix. Most often a 
normal distribution is used to draw the random disturbance. 
 
1.2.2 Random hot deck method 
 
Random hot deck imputation is one of the most popular methods in practice. It generally 
consists of three steps: (1) determine auxiliary variables on which donors and donees will match; 
(2) randomly draw imputations from observed data according to the observed frequency 
(weighted or unweighted) within each matched class; (3) if a matched class does not have any 
observed value, combine that class with other classes and perform imputation based on the 
combined imputation classes.  
 
1.2.3 Overall random imputation 
 
Overall random imputation generally refers to drawing imputation values randomly from 
observed data using different sampling schemes. The most frequently used scheme is resampling 
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with or without replacement. It is one of the easiest methods to implement, because it does not 
use any auxiliary variables and will not be able to reduce nonresponse biases. 
 
1.2.4 Approximate Bayesian Bootstrap (ABB) 
 
The ABB method first randomly draws r values with replacement from the r observed values 
Y Yr1 ,...,  to create Yobs

∗ , and then randomly draws m values with replacement from Yobs
∗  as 

imputed values for the m missing values in the target variable Y. The ABB method draws 
imputations from a resample of the observed data instead of drawing directly from the observed 
data. This extra step introduces additional variation, which makes the ABB method 
approximately “proper” for multiple imputation according to Rubin’s theory (1987). (This 
method is called approximately Bayesian Bootstrap because it is approximately equivalent to the 
Bayesian Bootstrap described below.)  
 
Similarly to the overall random imputation method, when ABB imputation is performed for the 
overall sample, it will not be able to reduce nonresponse biases because it does not use any 
auxiliary information. ABB imputation may work well for within-class imputations if the missing 
mechanism only depends on the variables used to construct the imputation classes. 
 
1.2.5 Bayesian Bootstrap (BB) 
 
BB imputation consists of two steps: (1) draw r-1 uniform random numbers between 0 and 1, 
and let their ordered values be a ar1 1,..., − ; also let a0=0 and ar=1, where r is the number of 
observed values; (2) draw each of the m missing values from Y Yr1 ,...,  with probabilities 
( ), ( ),...,( )a a a a ar1 0 2 1 11− − − − ; that is, independently m times, draw a uniform random 
number u, and impute Yi if a u ai i− < ≤1  (i=1, 2, …, r). 
 
Rubin (1981) showed that the Bayesian Bootstrap is equivalent to assuming that the prior 
distribution of π  is the (improper) distribution  
 

Pr( )π π= −
=∏ kk

K 1
1

,  

 
where π = ( ,..., )π π1 K  is the vector of probabilities Pr( ) ,Y di k k k= = =∑π π 1 and 
d d K1 ,...,  are all possible distinct values in Y Yr1 ,..., . The posterior distribution of π  is  

 

Pr( )π πYobs k
r

k

K k∝ −
=∏ 1

1
, 

 

where rk is the number of yi that equals dk, and r rkk

K

=∑ =
1

. The posterior distribution is a (k-

1) dimensional Dirichlet distribution. The BB method first draws a value π * of  π  from this 
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posterior distribution, then independently draw imputations for missing values from among 
d d K1 ,...,  using the probabilities in π *. 
 
The difference between ABB and BB is that the underlying parameter of the data, which gives 
the probabilities of each component in Yobs, is being drawn from a scaled multinomial with the 
ABB rather than from a Dirichlet distribution. Both distributions have the same means and 
correlations, but the variances for the ABB method are (1+1/r) times the variances for the BB 
method (Rubin 1981). 
 
1.2.6 Within-class random imputation 
 
Random hot deck is a specific within-class random imputation method. Two factors may vary 
from one method to another in the within-class random imputation methods: how to form the 
imputation classes and how to draw imputations within each class. The three most commonly 
used methods for constructing imputation classes are as follows:  
 

(i) Imputation classes are formed using multiple auxiliary variables. Cases matching on 
selected auxiliary variables are classified into the same imputation class. The disadvantage 
of this method is that, as the number of auxiliary variables increase, the number of 
imputation classes can quickly become enormous. This may limit the use of auxiliary 
information in the imputation.  

 
(ii) Imputation classes are constructed using regression predicted values from a 
multivariate regression model. Cases with close predicted values are classified into the 
same imputation class. The use of auxiliary variables is unlimited (at least theoretically so) 
with this classification method. This method was used by imputation software PROC 
IMPUTE (version 2.0, Wise & McLaughlin, 1992).  

 
(iii) Imputation classes are constructed using the propensity score method (Rosenbaum 
and Rubin 1983, 1984). In brief, the idea is to find a single valued function b(X) of the 
covariates X, with the property that the desirable properties of classification on X are 
inherited by classifying on b(X). As shown by Rosenbaum and Rubin, the best such score 
is the function e(X), the propensity given X, defined as the conditional probability of 
observing the target variables Y given X. Then, the property that the missing mechanism is 
independent of Y given X, carries over to independence given the propensity score e(X), so 
that the imputation is unbiased. The propensity scores can be estimated through logistic 
regression. 

 
ABB and BB (described in sections 1.2.4 and 1.2.5) have already been shown to draw 
imputations within each imputation class. The following methods also do so (Gimotty & Brown 
1990).  
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(i) Resampling using simple random sampling with replacement: Within k-th 
imputation class, the imputed value is selected randomly with replacement from a 
multinomial distribution with parameter vector p

k
, the observed proportions of all possible 

categories. Then, given the observed data, the conditional expected value and conditional 
variance of $p

k

∗ , the proportion estimates of all possible categories based on the imputed 

values only, are 
 

E p data p
k k

[ $ ]∗ = ,  ( )Cov p data
m

diag p p p p
k

k
k k

T

k k

T[ $ ] ( )∗ = −
1

, 

 
where mk is the number of missing values in k-th imputation class. 
 
(ii) Resampling using simple random sampling without replacement: Within k-th 
imputation class, each observed value is used only once as an imputed value. However, 
when mk>rk, all observed values are used as many times as possible and then a simple 
random sample is taken from the observed values without replacement and those values 
are used as imputed values for the remainder of the nonrespondents. Here, we only 
consider mk≤rk. In this case, the distribution of the frequencies of the imputed values in 
each category is hypergeometric. The conditional expectation given the data is the same as 
in (i), whereas the conditional variance-covariance matrix is given by 

 

( )Cov p data
r m
r m

diag p p p p
k

k k

k k
k k

T

k k

T[ $ ]
( )

( )∗ =
−
−

−
1

. 

 
(iii) Randomized strategy using maximum likelihood estimates: Let the proportion 
estimate based on the observed data be p p p p

k k jk Ik
T= ( ,..., ,..., )1 , then the estimated 

frequency is m p m p m p m pk k k k k jk k Ik
T= ( ,..., , ..., )1 . Then category j is assigned as the 

imputed value to [ ]m pk jk missing cases, which leaves c m p m p ck k ik k jk
j

I

jk
j

I

= − ≡
= =

∑ ∑[ ]
1 1

 

missing values un-imputed in the k-th imputation class, where [ ]m pk jk  is the largest 

integer which is smaller than m pk jk . The imputed values for these remaining missing values 

are independently selected from multinomial distribution with parameter vector c k
∗  where 

c c cjk jk k
∗ = / . The conditional expectation of the imputed proportion is the same as 

before, but the conditional variance-covariance matrix is given by 
 

 ( )Cov p data
c
m

diag c c c c
k

k

k
k k

T
k k

T[ $ ] ( ( ) ) ( )∗ ∗ ∗ ∗ ∗= −2 . 
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Method (i) is strictly stochastic and acts to increase the variability of statistics computed from an 
imputed data set compared to a deterministic method. Both method (ii) and method (iii) may be 
deterministic. Method (ii) is deterministic when the number of observations equals the number of 
missing values. Method (iii) is deterministic when m pk jk  are integers for each imputation class. 

However, in general, method (ii) adds more variability than method (iii) and method (i) adds 
more variability than method (ii). However, all of them add less variability than the ABB and the 
BB imputation methods. 

 
1.3 Model-based deterministic imputation methods 
 
Generally, “correctly” modeling missing data must be the data constructor’s responsibility 
because he/she typically knows more about reasons for nonresponse and has access to 
confidential and detailed information not released for public use. Model-based approaches will 
produce more accurate imputations than randomization-based approaches if the model 
assumptions are satisfied. But the difficulty with model-based approaches is that those 
assumptions are usually unverifiable in practice and therefore it may not be easy to choose an 
appropriate model-based imputation approach for a typical survey. A good model-based 
approach would work well for a wide range of underlying data distributions and missing 
mechanisms. 
 
1.3.1 Ratio imputation  
 
Suppose that an auxiliary variable x closely related to the target variable y is observed on all 

sample units. Ratio imputation uses y
y
x

xhi
rh

rh
hi

∗ =  as imputed values for the i-th nonrespondent 

in h-th imputation class. This method can be motivated by the fact that yhi
∗  is the best predictor 

under the following “ratio” superpopulation model: 
 

E y x V y x Cov y yhi h hi hi h hi hi hj( ) , ( ) , ( , )= = =β σ 2 0 , 

 
provided that the model holds for both the respondents and nonrespondents. 
 
The ratio imputation method may provide very accurate imputations if the missingness of y 
mainly depends on a highly correlated auxiliary variable x. But this is a very restrictive 
assumption. In practice, missing values are more likely to depend on several auxiliary variables. 
Since ratio imputation can use only one auxiliary variable, it is not fully efficient in many 
situations. One way around this is to use some auxiliary variables as classification variables, but 
this is still not a satisfactory solution to the limitation on the efficient use of auxiliary variables. As 
the number of classification variables increase, the number of imputation classes quickly 
becomes enormous and then some imputation classes may not have sufficient samples to obtain 
fairly accurate ratio estimates. 
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1.3.2 Predicted regression imputation  
 
This method uses the predicted values from a regression model as imputations for all missing 
cases. The predicted value $yi  is the best predictor of the i-th unobserved value yi under the 
following super-population model: 
 

E y x V y Cov y yi i i i j( ) , ( ) , ( , )= + ′ = =α β σ 2 0  

 
provided that the model holds for both the respondents and the nonrespondents. Predicted 
regression imputation may also be performed within each imputation class. The disadvantage of 
this method is the shrinkage to the mean phenomenon. 
 
1.3.3 EM algorithm 
 
The EM algorithm (Dempster, Laird, and Rubin 1977) consists of two steps: the E-step 
calculates the expectation of the complete data sufficient statistics given the observed data and 
current parameter estimates, and the M-step updates the parameter estimates through the 
maximum likelihood approach based on the current values of the complete sufficient statistics. 
The algorithm then proceeds in an iterative manner until the difference between the last two 
consecutive parameter estimates converges to a specified criterion. The final E-step calculates 
the expectation of each missing value given the final parameter estimates and the observed data; 
this will be used as the imputation value. 
 
Although the EM algorithm can be used to impute each individual missing value, it is more often 
used to directly obtain estimates for population parameters. Assuming a normal distribution for 
the data, both the expectations of the sufficient statistics in the E-step and the maximum 
likelihood estimates of the parameters in the M-step are easy to derive. But it may not be easy 
to do so with other distributions. Convergence may be slow and not guaranteed with the EM 
algorithm especially with sparse data. If each M-step also requires an iterative process to obtain 
the maximum likelihood estimates, the convergence process will further be slowed down. This 
method also suffers the shrinkage to the mean phenomenon. The advantage of the EM algorithm 
is its stable convergence; that is, iterations always increase the likelihood. 

 
1.3.4 Dear’s principal component method (DPC) 
 
The imputation strategy using the principal component method consists of three steps: 

 
(D1) Let R= {rij} be an n× p missingness indicator matrix for variables X1…Xp with n 

observations, i.e., rij =0 or 1 according to whether x ij is missing or observed. Use all 
available cases to calculate the sample mean and variance for each variable, and then 
standardize X to Z. Next, use the case-wise-deletion method (delete the whole case if 
one variable has a missing value on that case) to obtain the correlation matrix, S. 
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(D2)  Calculate the largest eigenvalue of S, λ1, and its associated eigenvector 
η η η1 11 1= ( , , ).L p  

(D3) Let the first principal component for the ith case be 
 

γ ηi j ij ij
j

p

z r=
=

∑ 1
1

, 

 
so that the points on the first principal component line that are closest to the i-th case 
replace the missing variables: 
 

z
z if r

if rij
ij ij

j i ij

∗ =
=
=





, 1
01η γ

. 

 
Repeat (D3) for all cases with missing variables and convert Z* back to X*. 

 
One desirable property of principal component analysis is that it does not require any 
distributional assumptions for its use. However, since the case-wise-deletion method is used to 
obtain the correlation matrix S, DPC works poorly for data sets with only a few complete 
cases. 
 
1.3.5 General iterative principal (GIP) component method 
 
To avoid the problems mentioned above and make DPC a general purpose method, the 
following refinements have been introduced. 

 
(G1) Use all-available-data method to calculate S. If  S is non-positive definite, modify it 

with the algorithm provided by Huseby, Schwertman, and Allen (1980); or replace all 
missing values by the mean and use n-m-1 instead of n-1 as the denominator in the 
variance-covariance calculations to obtain S. 

(G2) Perform D2 and D3 with S obtained from G1. 
(G3) Recalculate S from the imputed data matrix and repeat G2. 
(G4) Cycle iteratively through G3 and G2 until successive imputed values do not change 

materially. 
 
1.3.6 Singular value decomposition (SVD) method 

 
Singular value decomposition (SVD) can be used in a simple way to impute data to missing 
values (Krzanowski 1988). The method is easy to compute and a description of the steps for 
one missing value x ij in X followed: 
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(S1) Omit the ith case (row) from X and calculate the SVD of the remaining (n-1)× p  data 
matrix, denoted by X UDVi− = ′  with U ust= { } , V vst= { }  and 

D diag d d p= { , , )1 L , where U  and V  are orthonormal matrices (i.e., 

′ = ′ =U U UU I ). 
 
(S2) Omit the jth variable (column) from X and calculate the SVD of the remaining n× (p-

1) data matrix, denoted by X UDVj− =
~~ ~

 with ~ {~ }U ust= , ~ {~ }V vst=  and 
~ {

~
, ,

~
}D diag d d p= −1 1L . 

 
 (S3) Impute for (i, j)th missing case with  
 

( )( )x u d u dij it t jt t
t

p
∗

=

−

= ∑ ~ ~ 1
2

1
2

1

1

. 

 
In the case where there is more than one missing value, an iterative scheme can be conducted as 
follows: start with any initial imputed values such as the mean, and update each initial imputed 
value in turn using S3. The process is then iterated until stability is achieved in the imputed 
values.  
 
1.3.7 A comparison of ASM, EM, DPC, GIP, and SVD 
 
Bello (1993) conducted a simulation study to compare the five deterministic imputation 
methods: the adjusted mean substitution (AMS), EM algorithm, DPC, GIP, and SVD. In the 
study, Bello’s two simulation populations are multivariate normal N p ( , )µ Σ  and t-distribution 

with 4 degrees of freedom, Tp ( , , )4 µ Σ , where µ=0 and Σ=VΛV′. V is a randomly generated 

orthogonal matrix and Λ=diag{λ1, …, λp}, λi
iwv= +−1 01.  as used by Bendel (1978), where 

 

w
c p v v

c p

p

=
− − −

−





( . )( ) / ( )

/ .

01 1 1

01
  

0 1
1

< <
=
v

v
 

 
and c is the trace of Σ. Evidently, values of v represent a continuum such that the 
interdependence among the variables increases as v decreases from 1 to 0. The variables are 
independent when v=1.  
 
Other varying factors are sample size (n), dimensionality (p), interdependence among the 
variables (v), and missing rate (γ). Missing data are created randomly, which actually results in 
the ideal missing mechanism, missing completely at random. The number of Monte Carlo 
simulations for each combination of n, p, v, and γ was fixed at 100. The mean square error 
(Euclidean norm) of the estimators of Σ over the 100 simulations are used as the main 
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comparison criterion. For the estimator of the mean vector, all the imputation methods are 
similar since the data are missing completely at random.  
 
The primary findings of Bello’s study are as followed: 
 

For multivariate normal distributions: 
 
• When the variables are nearly independent (v=0.7) and p<10, the AMS outperforms 

the other four regression-like imputation methods. EM algorithm is the second best, 
followed by DPC, SVD, and GIP. This is not surprising since the mean imputations are 
obtained under the pretext that the variables are uncorrelated.  

 
• For p>2, as v≤0.3, the regression-like imputation techniques show appreciable 

superiority over the adjusted mean imputation method.  
 

• When the missing rate r≥0.10 and n becomes large (≥100), EM is, on the average, the 
best technique followed by GIP, SVD, ASM, and DPC. 

 
For multivariate t-distributions: 
 
• Although the principal component and singular value decomposition method can be 

presumed to be distributional-assumption-free, this does not mean that DPC, GIP, and 
SVD are robust to structures in data.  

 
• When v=0.7, the imputation methods behave similarly to their normal counterparts. 

 
• EM—which depends on a normality assumption—is running neck-and-neck with the 

distributional-free techniques—DPC, GIP, and SVD. When n is sufficiently large (200) 
and the variables are strongly dependent (v<0.3) with moderate dimensionality (p=5), 
EM outperforms the other imputation techniques. On the other hand, when p=2 and 
v=0.3, for any n value, GIP is the most efficient method.  

 
• When p increases, n increases, and v decreases, the regression-like methods become 

better and better than ASM. 
 
• There is insufficient evidence to discredit the use of EM when the data are markedly 

deviate from normality especially when p>2 and reasonably moderate-to-high 
interdependence exists among the variables. This remark implicitly suggests that 
whatever is known to affect EM—for example, outliers—may also affect other 
imputation techniques as well. 

 
Regarding the computer-time used by these imputation techniques, ASM and DPC are non-
iterative techniques and no special computer-time is required. Among the three iterative 
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methods, the convergence rate of EM was observed to be the slowest, followed by SVD, 
and then GIP. 

 
Although the performances of the methods are compared based on the artificial assumption, 
MCAR, these results can still be used as references. 
 
1.4 Model-based random imputation methods 
 
1.4.1 Draw imputations from predicted distributions  
 
If some information about the type of data distribution is available, imputations can be drawn 
from a predicted distribution. This method assumes a distribution for the data and uses the 
observed data to estimate the unknown parameters in the assumed distribution. If the 
distribution assumption is approximately true, this method will give much better imputations than 
any method which draws imputations from observed data. Rubin’s example (Rubin 1978) can 
illustrate this. Suppose a sample of 1000 units with 500 respondents and 500 nonrespondents. 
The 500 respondents look like a half-normal. If we learn from other sources that the population 
is approximately normal, then we can use the data of the 500 respondents to obtain the mean 
and variance estimates, and draw imputations from the normal distribution with the estimated 
mean and variance. This makes it possible to recover the other half of the normal distribution. 
Although this is an extremely artificial example, it is possible in real applications that data of 
some specific categories are totally or mostly missing. In those cases, methods that draw 
imputations from observed data will not be able to recover missing values for those categories, 
while drawing imputations from a predicted distribution may be able to recover them. The 
disadvantage of this method is that it requires information in order to develop an appropriate 
distribution assumption. 
 
1.4.2 Random regression imputation 
 
As stated in section 1.3.2, predicted regression imputation suffers from shrinkage to the mean 
phenomenon. Small random disturbances can be added to the predicted values as imputations 
to increase variability. The small random disturbance may be drawn using the following methods: 
 
(1) draw a random disturbance from a distribution such as N ( , $)0 σ  with mean 0 and 

variance $σ  obtained from observed data; 
(2) draw a random disturbance from respondents’ residuals of the regression model; 
(3) draw a random disturbance from residuals of those respondents which have  

similar values on some selected auxiliary variables to protect against non-linearity and non-
additivity in regression models. 
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1.4.3 Ratio with random disturbance imputation 
 
We can add a small random disturbance to the imputed values obtained from a ratio imputation 
model (see section 1.3.1) as was done above to the predicted regression imputation. The 
random disturbance can be drawn using three methods parallel to those described above.  

 
1.4.4 Modeling non-ignorable missing mechanism 
 
Most imputation methods model the target variable with missing values but not the missing 
indicator variable. These methods explicitly or implicitly assume that the missing values occur at 
random given the conditional auxiliary variables. Greenless, Reece, and Zieschang (1982) try to 
model both the target variable and its missing indicator variable for a non-ignorable missing 
mechanism which allows the missingness to depend on the target variable itself. 
 
Let Y be the target variable with missing values, X be the auxiliary variables for predicting Y, R 
be the response indicator, and Z be the auxiliary variables for predicting R. X and Z may 
overlap. Then the imputation model employed is: 

 
Y Xi i i= +β ε   ε σi N~ ( , )0 2  

P R Y Z Y Zi i i i i( , ) / [ exp( )]= = + − − −1 1 1 α γ δ . 
 

The later equation indicates that the response probability of Y depends on Y itself. Then the 
likelihood for i-th respondent is given by 

 

L
Y Z

Y X
i

i i

i i=
+ − − −

⋅ ⋅
−





1
1

1
exp( )α γ δ σ

φ
β

σ
, 

 
and the likelihood for i-th nonrespondent is given by 

 

L
Y Z

Y X
dYi

i

i= −
+ − − −









 ⋅ ⋅

−







−∞

+∞

∫ 1
1

1
1

exp( )α γ δ σ
φ

β
σ

. 

 
The maximum likelihood estimates for α, β , γ, δ , andσ  are obtained by maximizing the whole 

sample likelihood L Li
i

n

=
=

∏
1

. The solution to this maximizing problem may be found through 

the generalized Gauss-Newton algorithm. 
 
We may impute the missing values using the mean of the distribution of Y conditional on 
nonresponse, the values of X and Z, and the parameter estimates $, $, $, $,α β γ δ  and $δ . This mean 
can be calculated in a straightforward way using numerical integration: 
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E Y X Z R

Y
Y Z

Y X
dY

Y Z

Y X
dY

i i i i
i

i

i

i

( , , )
exp( $ $ $ ) $

$

$

exp( $ $ $ ) $

$

$

= =

−
+ − − −









 ⋅ ⋅

−









−
+ − − −









 ⋅ ⋅

−









−∞

+∞

−∞

+∞

∫

∫
0

1
1

1

1

1
1

1

1

α γ δ σ
φ

β
σ

α γ δ σ
φ

β
σ

 

 
Alternatively, to avoid the shrinkage to the mean phenomenon, we may use the following 
imputation scheme. 
 

(1) Draw ε i from N(0,1) and a uniform random number η from U[0, 1]. 

 (2) Calculate $ $ $Y Xi i i= +β σε  and Pr( $ , )
exp( $ $ $ $ $ )

R Y Z
Y Z

i i i
i i

= = −
+ − − −

0 1
1

1 α γ δ .

 

(3) If Pr( $ , )R Y Zi i i= >0 η , impute $Yi  for the i-th missing case; otherwise re-do 

(1) and (2). 
 
If the model of the missing indicator variable is approximately satisfied, this method should give 
better imputations than usual imputation methods. However, that is an unverifiable assumption in 
real applications and the extra model makes it less robust for general imputation purposes. This 
method may not be recommended if there is no strong evidence to show that the missing 
mechanism is confounded, that is, the missingness of Y depends on Y itself.  
 
1.5 Imputation methods related to Bayesian theories 

 
1.5.1 Data augmentation 
 
This Bayesian iterative method was proposed by Tanner and Wong (1987). It assumes two 
distributions: the distribution of the data and the prior distribution of the parameters. Similar to 
the EM algorithm, it consists of two steps: (1) I-step (imputation step) draws imputations for the 
missing values from the predicted distribution of the data, using current parameter estimates; (2) 
P-step (parameter estimation step) draws parameter estimates from their posterior distribution, 
using both the observed and imputed data. To start this iterative process, we may use the EM 
algorithm to obtain initial parameter estimates for the first I-step. 
 
Schafer’s software (Schafer 1997) implements this method using models for continuous data, 
categorical data, and mixed continuous and categorical data.  
 
• For continuous data, this software assumes a multivariate normal distribution for the data, 

and a normal prior for the mean parameters and a normal-inverted Wishart for the variance-
covariance parameters.  
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• For categorical data, this software assumes a multinomial distribution for the data and a 
Dirichlet prior distribution for the parameters. In cases where the number of parameters 
becomes enormous, the software imposes loglinear constraints (Bishop, Fienberg, and 
Holland 1975) on the parameters.  

 
• For mixed continuous and categorical data, the software employs a general location model 

(Olkin & Tate 1961). It assumes multinomial distribution for the categories defined by the 
categorical variables. Within each category, the continuous variables are assumed to have 
multivariate normal distribution. The prior for the parameters in the multinomial distribution is 
Direchlet and that for the parameters in the multivariate normal distribution is Jeffrey’s non-
informative prior. To reduce the parameters, a loglinear constraint can be imposed on the 
multinomial parameters and a linear constraint on the mean parameters of the multivariate 
normal distribution. 

 
The data augmentation procedure approximates the actual posterior distribution of the 
parameter vector by a mixture of complete data posteriors. Their method of constructing the 
complete data sets is closely related to the Gibbs sampler (Geman and Geman 1984). This 
method efficiently uses relationships among variables for constructing imputations. It generally 
gives both good point estimates and variance estimates if the distribution assumptions on the 
data are approximately satisfied. Under simple random sampling, the data augmentation method 
provides “proper” multiple imputations in the sense of Rubin (1987). The disadvantage of the 
data augmentation method is that it requires iterations and, similar to the EM algorithm, 
convergence can be slow. 
 
1.5.2 Adjusted data augmentation 
 
If the distribution assumption in the data augmentation method is in question, it is desirable to let 
the observed data Yobs influence the shape of the distribution of values imputed for Ymis. Rubin 
and Schenker (1986) adjusted the normal model implemented in Schafer’s software as follows. 
First, the parameters µ∗  and σ *2  are obtained in the same way as in the data augmentation 
method. Second, the components of m-dimensional vector X X X m= ( ,..., )1  are drawn with 
replacement from the observed data Yobs. Under repeated draws from Yobs, the standardized 
variable  

 

Z X y r s ri i r r= − −( ) / ( ) /1 2  
 
has expected value 0 and variance 1. Finally, the m missing values Ymis are imputed using 
µ σ∗ ∗+ Z i , i=1, 2, …, m. 
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1.5.3 Sequential imputation method 
 
Kong, Liu and Wong (1994) propose a sequential imputation procedure that involves imputing 
the missing data sequentially. According to the authors, in many applications the sequential 
imputation method can work well without the need for iterations.  
 
To describe the method, let θ  be the parameter vector of interest and Y be the complete data. 
Suppose the complete-data posterior distribution p(θ | Y) is simple. Suppose the real data Y can 
be decomposed into 
 

Y

Y

Y

Y

Y Y

Y Y
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where Yrt and Ymt (t=1, 2, …, n) are the response and nonresponse variables in the t-th 
observation. The missing variables may be different for different observations. The main goal is 
to find the posterior distribution p(θ | Yr): 

 

[ ]p Y p Y p Y Y dY E p Yr m r m Y Ym r
( ) ( ) ( ) ( )θ θ θ= =∫ . 

 
If we can draw M independent copies of Ym’s from the conditional distribution p(Ym | Yr), then 

we can approximate the posterior distribution p(θ | Yr) by 
1

1M
p Y j

j

M
( | ( ))θ

=∑ , where 

Y j Y Y jr m( ) ( , ( ))=  and Ym(j) is the j-th imputations for the missing part Ym. However, drawing 
imputations directly from conditional distribution p(Ym | Yr) is usually difficult. The Gibbs sampler 
or the data augmentation procedure do this approximately by iterations.  
 
The sequential imputation method achieves something similar by imputing the Ymt’s sequentially 
and using importance sampling weights to avoid iterations. The sequential imputation starts by 
drawing Ym1

∗  from p(Ym1 | Yr1) and computing w1=p(Yr1). Then for t=2, …, n, the following two 
steps are done sequentially, 
 

(1) Draw Ymt
∗  from the conditional distribution p Y Y Y Y Y Ymt r m r t m t rt( | , ,..., , , ), ,1 1 1 1

∗
− −

∗ ; 

(2) Compute the predictive probabilities p Y Y Y Y Yrt r m r t m t( | , ,..., , ), ,1 1 1 1
∗

− −
∗  and  

 
w w p Y Y Y Y Yt t rt r m r t m t= ⋅−

∗
− −

∗
1 1 1 1 1( | , ,..., , ), , .     (1.1) 
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Let w= wn, so that  

w p Y p Y Y Y Y Yr rt r m r t m t
t

n

= ⋅ ∗
− −

∗

=
∏( ) ( | , ,..., , ), ,1 1 1 1 1

2
. 

 
Both steps are required to be computationally simple, which is often the case if the predictive 
distributions p(Y1) and p Y Y Yt t( | ,..., )1 1−  are simple. This is the key to the feasibility of sequential 
imputation.  
 
We can independently repeat the above process M times to draw M sets of imputations and 
weights, denoted as Y jm

∗( )  and w(j) respectively (j=1, 2, …, M). Then the posterior 
distribution  p(θ | Yr) is estimated by  

 

( )1

1W
w j p Y Y jr m

j

M

( ) , ( )θ ∗

=
∑ ,        (1.2) 

which is easy to compute under the assumption that the complete-data posterior is simple, 
where W w j= ∑ ( ) . 
 
To understand why (1.2) is the appropriate approximation, we note that each independent 
imputation Y jm

∗( )  is not drawn from the actual conditional distribution p(Ym| Yr), but from the 
“trial density”  
 

p Y Y p Y Y p Y Y Y Y Y Ym r m r mt r m r t m t rt
t
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∗

=
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Using standard results from importance sampling, we should use weights 
 

( )
( )w j

p Y j Y
p Y j Y

p Y j Y
p Y

p Y
p Y Y j

p Y Y Y j Y j

p Y Y Y j Y j
m r

m r

m r

r

r

r m

r rt m m t

r rt m mtt

n
∗

∗

∗ ∗

∗

∗

∗
−

∗

∗ ∗
=

= = ⋅ ∏( )
( ( )| )
( ( )| )

( ( ), )
( )

( )
( , ( ))

,..., , ( ),..., ( )

,..., , ( ),..., ( )
,1

1 1

1 1 1

1 12

( )
( )= ⋅

∗

∗ ∗

∗
−

∗

−
∗

−
∗

=
∏

p Y j Y
p Y

p Y
p Y Y Y j Y j

p Y Y Y j Y j

p Y Y Y j Y j
m r

r

r

r rn m mn

r rt m m t

r r t m m tt

n( ( ), )
( )

( )
( ,..., , ( ),..., ( ))

,..., , ( ),..., ( )

,..., , ( ),..., ( )
,

, ,

1

1 1

1 1 1

1 1 1 12

 

( )= =−
∗

−
∗

=
∏

p Y
p Y

p Y Y Y Y j Y j
w j
p Y

r

r
rt r r t m m t

t

n

r

( )
( )

| ,..., , ( ),..., ( )
( )
( ), ,

1
1 1 1 1

2
, 

 
which is proportional to w(j) since p(Yr) is the same for all M imputations. This implies w(j) 
(j=1, …, M) are correct weights and (1.2) is an appropriate approximation.  
 
In sequential imputation, it is generally desirable to have the trial distribution p*(Ym| Yr) as close 
to the true distribution p(Ym| Yr) as possible. This usually means that the complete cases should 
be processed first, and the other cases should be processed in order of increasing missingness 
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so that missing values are imputed conditioned on as many of Yr as possible. One advantage of 
sequential imputation is that this method can impute data sequentially even when the data are 
collected at different times, for example, in medical studies.  
 
In situations where we want to compare models, it will be important to get the likelihood of 
different models. For a particular model H the likelihood of H given incomplete data Yr  is 

p Y p Y dH r H r H( ) ( | ) ( )= ∫ θ π θ θ . 

 
Suppose that we have applied sequential imputation based on model H. Then for all j we have 
 

1 = =∗ ∗
∗E w j E w j p Y

p p r[ ( )] [ ( ) / ( )]  , 

 
which implies E w j p Y

p r∗ =[ ( )] ( ) . Therefore, 

 

$( ) ( )p Y
M

w jr
j

M

=
=

∑1

1

 

 
is an unbiased estimate of the likelihood p(Yr) for the imputation model. 
 
In summary, sequential imputation has three advantages over the data augmentation: (1) it does 
not require iterations; (2) it can directly estimate the model likelihood; (3) it can cheaply perform 
sensitivity analysis and influence analysis. However, it requires that p(Y1), p Y Y Yt t( | ,..., )1 1− , and 
p(θ | Y) are all simple. Otherwise, it may be not feasible to implement the sequential imputation 
method. This is a very restrictive condition.  

 
1.6 Imputation practice across NCES surveys 
 
The following surveys conducted by the National Center for Education Statistics over the years 
used some method to impute for item nonresponse: 
 
Universe Surveys 
 
(1) Common Core of Data (CCD, conducted annually) 
(2) Private School Universe Survey (PSS, conducted biennially) 
(3) Integrated Postsecondary Education Data System (IPEDS): 

Institutional Characteristics (IPEDS-IC, conducted annually) 
Fall Enrollment (IPEDS-EF, conducted annually) 
Completions (IPEDS-C, conducted annually) 
Financial Statistics (IPEDS-F, conducted annually) 
Salaries, Tenure and Fringe Benefits of Full-Time Instructional Faculty (IPEDS-SA, 

conducted annually) 
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Fall Staff (IPEDS-S, conducted biennially) 
Academic Libraries (IPEDS-L, conducted biennially) 

 
Sample Surveys 
 
(1) Schools and Staffing Survey (SASS, conducted in 1987–88, 1990–91, 1993–94) 
(2) SASS Teacher Follow-up Survey (SASS-TFS, conducted in 1988–89, 1991–92, 1994–

95) 
(3) National Household Education Survey (NHES, conducted in 1991, 1993, 1995, 1996) 
(4) Recent College Graduates Survey (RCG, conducted in 1976, 1978, 1981, 1985, 1987, 

1991) 
(5) National Study of Postsecondary Faculty (NSOPF, conducted in 1988 and 1993) 
(6) National Assessment of Education Progress (NAEP, conducted biennially since 1980 and 

annually from 1969 to 1980) 
(7) Third International Mathematics and Science Study (TIMSS, conducted in 1995) 
(8) National Postsecondary Student Aid Study (NPSAS, conducted at 3-year intervals since 

1986–87) 
 
Fast Response Surveys 
 
(1) Fast Response Survey System (FRSS; “College-Level Remedial Education in the Fall of 

1989,” conducted in 1990) 
(2) Postsecondary Education Quick Information System (PEQIS; “Deaf and Hard of Hearing 

Students in Postsecondary Education,” conducted in 1993) 
 
Imputation methods used across these surveys are presented in table 1.6.1. 
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Table 1.6.1—Imputation methods used across NCES surveys 
 
Survey Imputation Methods Used 
CCD Ratio imputation and adjustment 
PSS Sequential hot deck, ratio adjustment, deductive imputation 
IPEDS-IC Ratio imputation, mean imputation 
IPEDS-EF Ratio imputation, mean imputation, raking method 
IPEDS-C Cold deck imputation, ratio imputation, raking method, mean imputation 
IPEDS-SA Within-class ratio imputation, within-class mean imputation 
IPEDS-F Ratio adjusted cold deck imputation, sequential hot deck imputation 
IPEDS-S Ratio adjustment cold deck imputation, hot deck imputation 
IPEDS-L Logical imputation, ratio adjustment 
IPEDS-ALS Cold deck imputation, ratio imputation 
NSOPF PROC IMPUTE, sequential hot deck 
SASS Sequential hot deck, deductive imputation 
SASS-TFS Sequential hot deck, deductive imputation 
RCG Hot deck, within-class random imputation, deductive imputation 
NHES Hot deck, manual imputation 
NPSAS Hot deck, regression imputation, deductive 
NAEP Multiple imputation based on Bayesian models* 
TIMSS Multiple imputation based on Bayesian models* 
FRSS Sequential hot deck imputation, mean imputation, and median imputation 
PEQIS Sequential hot deck imputation, ratio adjustment 
* Multiple imputation techniques were applied to create plausible values for performance scores based on 
Item Response Theory.  
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Chapter 2 Imputation Software Products 
 

2.1 PROC IMPUTE (See 1.2.6 Within-class random imputation) 
 
PROC IMPUTE is an advanced imputation software created by American Institutes for 
Research (AIR) under a contract with NCES. It is a stand-alone FORTRAN program and only 
works with ASCII data files. The software is in the public domain and users can obtain a copy 
through NCES.  
 
PROC IMPUTE is a regression-based distributional estimation procedure that is believed to be 
more general and to produce more accurate results than a standard hot deck procedure (AIR, 
1980). It considers each variable on the file in turn as a “target” variable whose missing values 
are to be filled in, and it uses information on other variables to minimize the error in imputing 
each target variable. PROC IMPUTE uses three steps that are similar to those used in hot deck 
procedure to impute each target variable: 
 

(1)  It uses stepwise regression analysis to find the best combination of predictors  
 for each target variable; 
 

 (2) It creates homogeneous cells (imputation classes) of records which have close  
  predicted regression values; 
 

(3) It imputes each missing record in a given cell with a weighted average of two  
 donors which are drawn from its own cell and its adjacent cell, respectively,  
 with probability proportional to the observed frequencies within the two cells. 
 The weighted average value is rounded to an integer if the integer flag is set for 
 the target variable. 

 
The software also automatically creates missing data flags for each variable with a value of “I” 
for imputed values, “R” for reported values, and “A” for skip missing values.  
 
Since PROC IMPUTE involves ordinary multivariate regression analysis, it only works for 
continuous and dichotomous variables. Polytomous variables need to be recoded into 
dichotomous variables before running PROC IMPUTE.  
 
PROC IMPUTE can incorporate about 30 variables in one imputation model. A large data set 
needs to be divided into several subsets and each subset is imputed via a separate imputation 
model. Some key variables may be included in all imputation models. Note that PROC 
IMPUTE does not need to be run multiple times to impute a large data set because of the batch 
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run feature of PROC IMPUTE: one batch run can handle all the data no matter how large the 
data set is.  
 
PROC IMPUTE has two other important features. First, it can create as many as nine sets of 
imputations. Although it is not “proper” according to Rubin’s multiple imputation theory (Rubin 
1987), results of our simulation study (described in chapter 5) show that, in many situations, 
PROC IMPUTE provides better multiple imputation variance estimates than some “proper” 
methods. Second, it can perform within-class imputations through a “BY” statement which is 
parallel to a SAS “BY” statement. This feature is useful for stratified data where the user may 
want to perform imputations within each stratum. It is also convenient for Monte Carlo 
simulations where multiple data sets need to be generated so that the average performance over 
replications can be assessed. Using a “BY” statement with a data set identification variable, all 
data sets can be imputed through one run of PROC IMPUTE.  
 
2.2 Schafer’s imputation software  (See 1.5.1 Data augmentation under Imputation methods 

related to Bayesian theories) 
 
Dr. Joseph Schafer of Pennsylvania State University developed this public domain software. 
The original version was written using S-PLUS functions and FORTRAN subroutines and ran 
under an S-PLUS environment. The current menu-driven version for Windows was written in 
FORTAN 90. It only works with ASCII data files in which a numeric value is used to represent 
a missing value. It will not work if a “.” is used as a missing value in the ASCII files.  
 
Schafer’s imputation software (Schafer 1997) applies the data augmentation method. Like the 
EM algorithm, it consists of two steps: (1) the I-step (imputation step) draws imputations for the 
missing values from the predicted distribution of the data given current parameter estimates; (2) 
the P-step (parameter estimation step) draws parameter estimates from their posterior 
distributions given both the observed and imputed data. To start this iterative process, the EM 
algorithm or ECM algorithm (Meng and Rubin 1991) may be used to obtain initial parameter 
estimates for the first I-step. 
 
The software consists of three modules using different statistical models for continuous data, for 
categorical data, and for mixed continuous and categorical data.  
 

(1) For continuous data, the software assumes a multivariate normal distribution for the 
data, and a normal prior for the mean parameters and a normal-inverted Wishart for 
the variance-covariance parameters. Under these assumptions, the posterior 
distributions of the mean parameter and the variance-covariance parameters are 
multivariate normal and normal-inverted Wishart, respectively. Therefore, P-steps 
draw parameter estimates from these posterior distributions and I-steps draw 
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imputations for missing values from their predictive normal distribution with updated 
parameter estimates obtained in the P-steps.  

 
(2) For categorical data, the software assumes a multinomial distribution for the data and 

a Dirichlet prior distribution for the parameters. Under this saturated multinomial 
model, the posterior distribution of the parameters—the cell probabilities—is also a 
Dirichlet distribution. However, as the number of categorical variables increase, the 
number of cells formed by the variables quickly becomes enormous. In these cases, 
the software imposes loglinear constraints (Bishop, Fienberg and Holland 1975) to 
reduce the number of parameters for estimation. For these constrained loglinear 
models, a Bayesian Iterative Proportion Fitting algorithm (Gelman, Rubin, Carlin and 
Stern 1995) is used to simulate the posterior distributions for the parameters. 

 
(3) For mixed continuous and categorical data, the software employs a general location 

model (Olkin and Tate 1961). It assumes multinomial distribution for the categories 
defined by the categorical variables. Within each category, the continuous variables 
are assumed to have multivariate normal distribution. The prior for the parameters in 
the multinomial distribution is a Direchlet distribution and that for the parameters in the 
multivariate normal distribution is Jeffrey’s non-informative prior. In cases where the 
number of parameters becomes enormous, a loglinear constraint can be imposed on 
the multinomial parameters and a linear constraint on the mean parameters of the 
multivariate normal distribution. 

 
2.3 IRMA 
 
Imputation Run Manager (IRMA) is a public domain software developed by Synectics for 
Management Decisions, Inc., under a contract with NCES. User permission can be obtained 
through NCES. 
 
IRMA is designed to supply a variety of imputation techniques to the users. The current version 
of IRMA was built using Microsoft Visual Basic and includes two imputation techniques: 1) 
PROC IMPUTE and 2) Schafer’s Imputation Software. IRMA preserves all the nice features 
of PROC IMPUTE and Schafer’s Imputation Software and provides some enhanced features. 
For instance, while PROC IMPUTE and Schafer’s Imputation Software only work with ASCII 
files, IRMA works with SAS, SPSS, and ASCII data files. Another enhancement allows the 
unimputed input data file and the imputed output data file to be of different types. For example, 
the input file can be a SAS file, but the user can require IRMA to output the imputed file in 
SPSS format, or in both SPSS and SAS formats. More imputation methods will be added to a 
future version of IRMA. 
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2.4 GEIS and GES 
 

Generalized Edit and Imputation System (GEIS) and Generalized Estimation System (GES) 
were developed by Statistics Canada. GEIS performs data editing and imputation functions 
while GES constructs point estimates and variance estimates using a number of different 
estimation modules. The software is a SAS-based application which runs under a SAS 
environment. Data must be either in SAS format or in ASCII format with fixed field positions. A 
site license for GEIS and GES costs $20,000 (CDN), and there is a $2,000 yearly maintenance 
fee.  
 
The imputation methods used in this software are nearest neighbor hot deck, current ratio, 
current mean, previous value, previous mean, and auxiliary trend, which are the key methods 
used by Statistics Canada for imputation of survey missing data. All of these are single and 
deterministic imputation methods and therefore suffer the disadvantage of deflating the variance 
estimates. 
 
2.5 SOLAS for Missing Data Analysis 1.0 
 
This commercial product was developed by Statistical Solutions Limited. A single user license 
costs $995 for commercial purposes and $795 for academic purposes.  
 
Imputation methods used in this software include: (1) Group Mean Imputation, which replaces 
missing values with the cell means of the sample; (2) Last Value Carried Forward (Sequential 
Hot Deck), in which the last observed value is used to fill in missing values at a later point in the 
study; and (3) Nearest Neighbor Hot Deck Imputation, in which missing values are replaced 
with values taken from the closest matching respondents. Multiple imputations can also be 
created by this software. These imputation methods are not very attractive for the purpose of 
statistical inference. Any statistician with some programming skill can easily implement these 
imputation algorithms. However, SOLAS can do more than imputation. It can also perform 
many standard statistical analyses based on imputed data, including descriptive analysis, cross-
tabulation, statistical tests (t and non-parametric), ANOVA, regression, BMDP survival 
analysis.  
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Chapter 3 Nonresponse Bias 
 
Nonresponse bias is the bias of a survey estimate due to the difference between respondents 
and nonrespondents. It is one of the most important issues concerning survey data analysts. It is 
desirable to eliminate nonresponse bias through imputation and/or estimation methods. One way 
is to construct a so-called restoring estimator, defined by Rancourt, Lee, and S@rndal (1994) 
as: 

 
Given the sample S, if the conditional expectation of the difference between an imputation 
estimator $y ∗  and the complete data estimator y S  equals to 0, i.e., E y y SS( $ )∗ − = 0 , 
where the expectation is over the response mechanism and the imputation model, then $y ∗  
is called a restoring estimator.  

 
This actually is equivalent to the “first order proper” estimator defined by Rubin (1996).  
 
If missing values occur completely at random (MCAR)—that is, the survey has uniform 
response—, then the respondents represent the population well and survey nonresponse causes 
no bias. However, this ideal missing mechanism rarely exists in real applications. 
 
The most commonly assumed missing mechanism is missing at random (MAR), which may 
more appropriately be called missing conditionally at random. MAR requires that 
respondents and nonrespondents have no systematic differences given some observed auxiliary 
variables (called conditioning variables in imputation literature). One simple example of MAR 
is that respondents and nonrespondents within each imputation class formed by some predictive 
auxiliary variables both represent random samples from the subpopulation. In this case, 
estimates within each imputation class will have no nonresponse biases, and thus the combined 
overall estimates will have no nonresponse bias. Therefore, with a missing mechanism MAR, 
nonresponse bias can be corrected through imputation by conditioning on the auxiliary variables 
that are related to the missing mechanism of the target variable. In real applications, we usually 
do not know which auxiliary variables are responsible for the missing values of the target 
variable. Thus many imputation pioneers such as Rubin and Little advocate using as many 
auxiliary variables as possible to make the missing mechanism as close to MAR as possible.  
 
Different imputation methods use conditioning variables in different ways. Some ways are more 
effective than others depending upon the circumstances. Hot deck method uses conditioning 
variables as classification or matching variables; regression-type imputation uses conditioning 
variables as predictors through a regression model; and the data augmentation method uses the 
association between the target variable and auxiliary variables through a Bayesian model. These 
are the three most popular ways to use conditioning variables. Generally, hot deck method is the 
simplest and most intuitive way; therefore it has been used the most often in past surveys. 
However, it may be the least effective way of using auxiliary variables. Due to the efforts of 
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Rubin and many of his followers, the data augmentation method is becoming more and more 
popular.  
 
The most serious nonresponse bias situation is with confounded missing mechanisms; that is, the 
probability that a datum is missing depends on the target variable itself. More formally, 
confounded and unconfounded missing mechanisms may be defined as:  
 

Let R be the set of the respondents and S be the whole sample. A response mechanism q(⋅ 
| S) is said to be unconfounded if it is of the form q(R | S) = q(R | XS ); that is, it depends 
on the auxiliary variables only, and the response probabilities satisfy P(k∈R | S) for all units 
k∈S. If it depends on y-values as well, then it is called confounded.  

 
An unconfounded missing mechanism will become MAR if all auxiliary variables related to 
response probabilities are used as conditioning variables. A confounded missing mechanism can 
never become MAR.  
 
With a confounded missing mechanism, it is generally impossible to completely eliminate 
nonresponse biases unless the confounded missing mechanism is known. Unfortunately, the 
missing mechanism is never known in real applications. 
 
Rancourt, Lee, and S@rndal (1994) discussed several estimators designed to correct 
nonresponse biases for data imputed via a ratio imputation method. These estimates along with 
the ratio estimator and the observed-data-based estimator are compared via a simulation study 
in terms of bias, MSE (mean square error) and coverage rate for a variety of missing 
mechanisms. Their results are summarized as follows. 
 
Suppose that the data have been imputed via the ratio imputation method. The target variable is 
y and the fully observed auxiliary variable x is used to impute y. The whole sample S consists of 
n units with r respondents and m = n-r nonrespondents. The estimate of the population mean 
based on the observed values only is  
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The standard ratio imputation estimate is given by 
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where y j

*  represents the imputed value for the j-th missing case, and xS  is the mean of x over 

the whole sample S.  
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Under the ideal missing mechanism MCAR, yr  is unbiased and yrimp  is approximately unbiased. 

Under unconfounded missing mechanisms where missing probabilities only depend on x , yr  is 
generally biased but yrimp  is unbiased. If the missing mechanism is confounded, both yr  and 

yrimp  are generally biased. Rancourt, Lee, and S@rndal suggest using  

y y
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to correct the biases for the ratio imputation estimator when the response mechanism is 
confounded. When C=1, ycrimp  becomes the ratio imputation estimator yrimp . With correction 

factor C
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= , it becomes unbiased, but it is obviously unestimable since ym  is not known. 

The eight correction factors C were considered by Rancourt, Lee, and S@rndal (1994): 
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K C Ri i xy= − − −1 1 12 2( )( $ ) , i=1, 2, 3, 4,  

 
where wk corresponding to the rank of xk. The Ki  takes into account the correlation between x 
and y. The correction factors C1, C3, K1, and K3 are based on the observed data only, while the 
correction factors C2, C4, K2, and K4 are based on the whole sample S. Therefore, for the 
convenience of description, ycrimp  with C1, C3, K1, or K3 was called the r-corrected estimate, 

while ycrimp  with C2, C4, K2, and K4 was called the S-corrected estimate. 

 
In their simulation study, Rancourt, Lee, and S@rndal chose  
 

y a bx cxk k k k= + + +2 ε , E V d xk k k( ) , ( )ε ε= =0 2  
 
as simulation populations. Different types of populations are formed by setting the constants a, 
b, and c to different values: 
 

(1)  RATIO: a=0, c=0; 
(2)  CONCAVE: a=0, c<0 (c= -0.01 in the simulation); 
(3)  CONVEX: a=0, c>0 (c=0.01 in the simulation); 
(4)  NONRATIO: a≠0, b>0, c=0. 
 

Three correlation levels ρxy = 0.7, 0.8, and 0.9 were obtained by a suitable value of d. 

Therefore, a total of 12 populations were considered: three RATIO, three CONCAVE, three 
CONVEX, and three NONRATIO with correlation levels 0.7, 0.8, and 0.9, respectively. 
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Five missing mechanisms were used in the simulation study: 
 
 (M1) Uniform response (MCAR); 
 (M2) The nonresponse probability is a decreasing function of xk specified as  

exp( )−γxk . This is an unconfounded mechanism. 
 (M3) The nonresponse probability is an increasing function of xk specified as  

1 − −exp( )γxk . This is also an unconfounded mechanism. 
 (M4) The nonresponse probability is a decreasing function of yk specified as  

exp( )−γyk . This is a confounded mechanism. 
 (M5) The nonresponse probability is an increasing function of yk specified as  

1 − −exp( )γyk . This is also a confounded mechanism. 
 
The smaller units will be underrepresented in the response set R for (M2) and (M4), while the 
larger units will be underrepresented in the response set R for (M3) and (M5). The constant γ is 
determined such that the average nonresponse rate is equal to one of the values 10 percent, 20 
percent, 30 percent, and 40 percent.  
 
The ten estimates were compared in terms of bias, mean square error, and coverage rate of the 
95 percent confidence intervals. The primary findings are: 
 

(1)  The r-corrected estimators (using C1, C3, K1, K3) performed very poorly since the  
correction only used the observed data for x; 
 

(2)  For uniform response mechanism (M1), both uncorrected estimators yr  and yrimp  have 

better performance than the corrected estimators. But the loss is not very severe by 
mistakenly using the correction when it is not necessary for uniform nonresponse; 

 
(3)  For unconfounded missing mechanisms (M2) and (M3), the ratio imputation estimator 

yrimp  has the best performances for RATIO, CONCAVE and NONRATIO 

populations, while the S-corrected estimators have the best performances for the 
CONVEX population; 

 
(4)  For confounded mechanisms (M4) and (M5), yrimp  is better than the S-corrected  

estimators for CONCAVE and NONRATIO populations, but the S-corrected 
estimators are better than yrimp  for RATIO and CONVEX populations; 

 
(5)  The observed-data based estimator yr  performs poorly for all nonuniform response 

mechanisms. All estimators perform poorly for CONVEX populations with the (M5) 
response mechanism. 
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All in all, the correction to the ratio imputation estimator is not a great success in this study. 
Correction with observed data of x (r-corrected estimators) should never be recommended. 
We will generally benefit from the S-corrected estimators with CONVEX populations.  
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Chapter 4 Variance Estimation and Multiple Imputation 
 

One of the most common criticisms on the use of imputation for missing data is that it leads to 
underestimated variances. Generally, deterministic single imputation more seriously 
underestimates variances than random single imputation does. Rubin (1987) sees it as a 
disadvantage of single imputation that “… the one imputed value cannot in itself represent 
uncertainty about which value to impute: If one value were really adequate, then that value was 
never missing. Hence, analyses that treat imputed values just like observed values generally 
systematically underestimate uncertainty, even assuming the precise reasons for nonresponse are 
known.” In Rubin’s opinion, multiple imputation is needed to obtain “proper” variance 
estimates. 
 
However, Rao (1996) cites some disadvantages of multiple imputations:  
 
• significantly higher costs of storage and processing of multiple data sets;  
• general ABB methods for generating proper imputations that accommodate issues of 

clustering, stratification, and weighting to compensate for unequal probabilities of selection 
are not currently available;  

• a small number of imputations, m, may result in a low level of precision for the multiple 
imputation variance estimator since the between imputation variance based on m-1 degrees 
of freedom may be poorly estimated. 

 
This chapter summarizes and discusses three types of variance estimation methods for imputed 
survey data. Section 4.1 discusses the method proposed by S@rndal (1992) which attempts to 
add imputation variances to the overall variance estimates without performing multiple 
imputation. Section 4.2 describes the application of jackknife variance estimation methods for 
imputed data (Rao1996; Fay 1996). Inference based on multiply imputed data is discussed in 
section 4.3. 
 
4.1 Add imputation variance without multiple imputation 
 
S@rndal (1992) tries to correct underestimated variances by adding the component of 
imputation variance to the sample variance for data imputed via a single imputation procedure.  
 
Suppose U is the population (N units), S is the sample (n units), and R is the respondents (r 
units). Denote the true value of the total by t, the estimate based on the complete data by $t , and 
the estimate based the imputed data by $t•  (obtained via the same formula as $t ). Our interest is 
the variance of $t•  since $t•  is the actual estimate used in the inference.  
 
The total error of $t•  can be decomposed as 
 

  $ ($ $) ($ )t t t t t t• •− = − + − =imputation error + sampling error. 
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We define the imputation residual as e y yk k k= − ∗ , which can not be observed for a unit 
k S R∈ − . Then the imputation error becomes $ $t t w ek k

k S R
•

∈ −
− = − ∑ . 

  
The model-assisted approach considers three different distributions, one is “with respect to the 
imputation model” (indicated by ξ), the second one is “with respect to the sampling design” 
(indicated by S), the third one is “with respect to the response mechanism, given S” (indicated 
by R). The estimator $t•  is overall unbiased in the sense that E E E t tS Rξ ( $ )• − = 0  if two 

conditions hold: 
 
 (a) order of the expectations can be changed: E E E E E E S RS R S Rξ ξ( ) [ , ]⋅ = ⋅ ;   

 (b)  imputation residuals have zero model expectation: E ekξ ( ) = 0 . 

 
Condition (a) is satisfied if the response mechanism is one that may depend on S and on 
auxiliary data, but not on the y-values.  
 
The overall variance of an unbiased estimator $t•  is  
 

V E E E t t t t E V E E V V Vtot S R p S R sam imp= − + − = + ≡ +•ξ ξ ξ[( $ ) ($ $)]2 , 

 
where V E t tp S= −( $ )2  is the design-based variance of $t , and V E t t S Rξ ξ= −•[($ $) | , ]2  is the 

conditional model-based imputation variance. In the above equation, we ignore the cross-
product term. The argument for obtaining the sample variance $Vsam  and the imputation variance 
$Vimp  is as follows: 

 
(i) $Vsam : Let $Vp  be the standard estimator of the design variance for a complete  

data set, and $V p•  is the quantity obtained via the same formula for $Vp  using the 

imputed data. Evaluate the conditional expectation E V V S R Vp p difξ ( $ $ , )− =• , and find a 

model unbiased estimator $Vdif  for Vdif, which will usually require the estimation of 

certain parameters of the model ξ. 
(ii) $Vimp : Find a model unbiased estimator $Vξ  for Vξ  , which may again require the  

estimation of unknown parameters of the model ξ. Then $Vξ   is overall unbiased for the 

imputation variance Vimp. 
 
Note that the role of $Vdif  is to correct for the fact that the data after imputation may display 

“less than natural” variation. This often happens when the imputed values equal the predicted 
value from a fitted regression, that is, “the value on the line”. The variation around the line is not 
reflected in the predicted value. As shown for the ratio imputation method, if residuals and 
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predicted values are used as imputed values, $Vdif  is no longer needed to be added to the 

sample variance estimator. 
 
Here is a simple example. Suppose the sample S is drawn with SRSWOR and the response 
mean y R  is imputed for all missing values. The corresponding imputation model ξ states that 
y k k= +β ε , where the εk  are uncorrelated error terms with E ekξ ( ) = 0  , V ekξ σ( ) = 2 . Then  

 
$t NyR• = ,  

 
$ ( / / ) ( ) / ( ) ( / / )V N n N y y n N n N Sp k SS yS= − − − ≡ −∑2 2 2 21 1 1 1 1  
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Since E S E SyS yRξ ξ

2 2= , E V V S R N n N n r n E Sp p yRξ ξ( $ $ | , ) ( / / )( ) / ( )− = − − −•
2 21 1 1 .  

Therefore, $ ( / / )( ) / ( )V N n N n m n Sdif yR= − − −2 21 1 1  is a model unbiased estimator for Vdif, 

which gives 
 

$ $ $ ( / / )V V V N n N Ssam p dif yR= + = −•
2 21 1  , 
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we have $ ( / / )V N r n Simp yR= −2 21 1 . Therefore, $ $ $ ( / / )V V V N r N Stot sam imp yR= + = −2 21 1 . 

 
The following table shows the contribution of each variance component to the total variance for 
SRSWOR using the mean imputation method for three different missingness rates. Note when 
the missing rate is 30 percent, the variance based on the imputed value only accounts for 49 
percent of the total variance, while the variance due to imputation accounts for another 30 
percent. Thus 21 percent of the total variance needs to be added to the sampling variance. 
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Table 4.1.1—Contribution of each variance component to the total variance for the 
SRSWOR sampling with the mean imputation method 

 
Missing rate in percentage Contribution (in percentage) to $Vtot  

100(1-r/n) $V p•  $Vdif  $Vimp  

10 81 9 10 
20 64 16 20 
30 49 21 30 

 
The analytical formulas for SRSWOR sampling with the ratio imputation method has also been 
derived in S@rndal (1992).  
 
As a comment on this approach, it is very convenient that imputation variance can be estimated 
without performing multiple imputation and , therefore, there is no need for a great deal of 
storage space and processing time which multiple imputation requires. The variance estimates 
obtained through this method may be more accurate than those obtained through a small number 
of multiple imputations since a small number of multiple imputations may lead to poor between-
imputation variance estimation. However, S@rndal (1992) only derived analytical formulas for 
two simple cases: SRSWOR sampling with the mean and ratio imputation. For a more complex 
survey design and/or more complicated imputation algorithms, the derivation is not trivial and 
may be impossible. It will be even more difficult to apply the method to nonlinear statistics such 
as median, quartile, ratio, etc. Furthermore, this method only takes care of variance estimates. It 
seems arduous to adjust for covariance via this method. 
 
To make this method more attractive, random imputation methods should be used instead of 
deterministic imputation methods, because deterministic imputation methods not only distort the 
distribution of data, but also require extra effort to estimate Vdif. 
 
4.2 Jackknife variance estimation with imputed data 
 
Rao (1996) and Fay (1996) extended the jackknife variance estimation method to imputed 
survey data. Rao (1996) discussed the jackknife method for imputed survey data for two 
situations: (1) stratified random sampling with ratio imputation and regression imputation; (2) 
stratified multistage sampling with cell mean imputation and weighted hot deck imputation. Fay 
(1996) applied the jackknife method to imputed data via fractionally weighted imputation. 

 
4.2.1 Jackknife variance estimation with imputed data for stratified random sampling 
 
Rao (1996) expanded the jackknife variance estimation method to imputed survey data 
collected with a stratified random sampling design. Let nh be the sample size and Nh be the 
population size for the h-th stratum (h=1, 2, …L). In case of complete data, a design-unbiased 
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(p-unbiased) estimator of population mean is given by y W yh h
h

L

=
=

∑
1

, where W N Nh h h= ∑/  is 

the weight for stratum h and hy  is the h-th stratum sample mean. The jackknife variance 
estimator is given by  
 

∑ ∑
= =

− −







−

−
=

L

h

n

j

jh

h

h

h

h
J

h

yy
N
n

n
n

yv
1 1

2)( )(1
1

)( , 

 
where )( jhy −  is the jackknife sample mean obtained by deleting the j-th observation from the h-
th stratum.  

 
In presence of nonresponses, let Arh and Amh be the sample of respondents and nonrespondents 
in that stratum. The jackknife sample mean ajhy )(−  can be adjusted in the following way: (1) 
under deterministic imputation, if a respondent is left out, all the imputed values should be 
adjusted by the amount y yhi

j
hi

∗ − ∗−( ) , where yhi
j∗ −( )  is the value that one would impute for the i-th 

nonrespondent if the j-th respondent is deleted in the h-th stratum; (2) under stochastic 
imputation, if a respondent is excluded, each of the imputed values in stratum h should be 
adjusted by an average amount E y E yj

hi hi∗
− ∗

∗
∗−( ) , where E* denotes expectation with respect to 

the imputation procedure given the donor set and E j
∗

−( )  is the expectation with respect to the 
imputation procedure when the donor set is modified by excluding unit j. Then the jackknife 
variance estimator with imputed data is given by 
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where ( )∑ ∑∑=

+=
L

h hA hiA hihI nyyWy
mhrh1

* /  is the overall sample mean with imputed data. 

 
The following two examples apply this technique to ratio imputation and regression imputation. 
 
Example 1 (ratio imputation). Suppose that an auxiliary variable x closely related to an item y is 

observed on all sample units. Ratio imputation uses y
y
x

xhi
rh

rh
hi

∗ =  as imputed values for the i-th 

nonrespondent in the h-th stratum. Under this deterministic imputation procedure, if j-th 
respondent is excluded in the jackknife variance estimation, the imputed value will be 

( )y y x xhi
j

rh
j

rh
j

hi
∗ − − −=( ) ( ) ( ) . 

 
A stochastic counterpart of ratio imputation adds the donors’ residuals to the above ratio 
imputed values. Under this imputation approach, ( )E y y x xhi rh rh hi∗

∗ = and 

( )E y y x xj
hi rh

j
rh

j
hi∗

− ∗ − −=( ) ( ) ( ) . Thus the adjusted imputed values are given by 

( ) ( )y y x x y x xhi rh
j

rh
j

hi rh rh hi
∗ − −+ −( ) ( ) / . 



 38

Example 2 (regression imputation). Again assume that x is observed on all sample units. Linear 
regression imputation uses ( )y y x xhi rh rh hi rh

∗ = + −$β , where $βrh  is the ordinary least square 
regression coefficient based on the respondents in stratum h. Under this deterministic imputation 
procedure, when the j-th respondent is deleted in the jackknife variance estimation, the imputed 
values will be ( )y y x xhi

j
rh

j
rh

j
hi rh

j∗ − − − −= + −( ) ( ) ( ) ( )$β , where $ ( )βrh
j−  is the least squares regression 

coefficient when the j-th respondent is deleted. 
 
A stochastic counterpart of regression imputation adds a donor’s residual to the above 
imputations, where the donor is selected through a simple random sampling. Under this 
approach, we have E y yj

hi hi∗
− ∗ =( ) $  and ( )E y y y x xj

hi rh
j

rh
j

rh
j

hi rh
j

∗
− ∗ − − − −= = + −( ) ( ) ( ) ( ) ( )$ $β . Thus the 

adjusted imputed values are given by y y yhi rh
j

rh
∗ −+ −$ $( )  if the j-th respondent is deleted and 

remain unchanged if the j-th non-respondent is deleted. 
 
In these two examples, the imputed estimators of mean are approximately design-unbiased 
under uniform response within each stratum, as well as design model unbiased under their 
super-population models (defined in sections 1.3.1 and 1.3.2). The jackknife variance 
estimators are p-consistent, as well as approximately design model unbiased under their super-
population models. 
 
Rao (1996) also discussed jackknife variance estimation for stratified multistage sampling design 
with missing data imputed by the class mean imputation method and the weighted within-class 
hot deck method. We omit them here because they are parallel to the two examples given 
above. Linearized versions of the jackknife variance estimators, which are useful with computer 
programs that use the linearization method of variance estimation (e.g., SUDAAN), are also 
provided in that paper.  
 
However, as Judkins (1996) pointed out, this jackknife method is essentially a univariate tool 
with well behaved extensions only for variables that are either never missing or are missing or 
present in whole blocks. It has only been applied to simple statistics such as total, mean or 
functions of total or mean under marginal imputation. For more complex statistics, such as 
regression and correlation coefficients, marginal imputation often attenuates the association 
between variables. Joint imputation from the same donor, called common donor hot deck, may 
be used sometimes to alleviate this problem with marginal imputation when a record has several 
missing related values. This method preserves bivariate relationships only when both variables 
are missing; that is, when there are no partial nonrespondents with respect to the two variables. 
 
4.2.2 Jackknife variance estimation with fractionally weighted imputation 
 
Fay (1996) discussed the application of the jackknife variance estimation method to survey data 
imputed through the fractionally weighted imputation (FWI) method. FWI creates one set of 
imputations by fractionally weighting m sets of imputations. In general, FWI assigns a weight 
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1/m to each of the m imputations. If the original analysis is weighted, then the m imputed values 
each receive 1/m times the original weight.  
 
Let Ar and Anr be the sample of respondents and nonrespondents, respectively, n be the total 
sample size, and r be the number of respondents. For any data imputed via a single imputation 
method, the mean may be estimated by 
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where ry  and *

nry  are the mean of the reported values of the respondents and the mean of 
imputed values for the nonrespondents respectively. The standard jackknife variance estimator 
is 
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This naïve jackknife variance estimate treats the imputed values as true observed values. Rao 
and Shao (1992) modified this jackknife mean by 
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where y ry y rr

j
r j

( ) ( ) / ( )− = − − 1  is the mean of the (r-1) respondents without jth observation. 

This formula reflects that, when a respondent is deleted, each imputed value yi
∗  need to be 

adjusted by the amount of ( )( )y yr
j

r
− −  since we only have r-1 respondents for imputation when 

jth respondent is left out. For example, for the mean imputation method, the originally imputed 
values y yi r

∗ =  for all i∈Anr, and then the adjusted imputed value is yr
j( )−  when jth respondent is 

left out. 
 
For fractionally weighted imputations, the mean may be estimated by  
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where y jl

∗  is lth imputation for jth missing value. The Rao-Shao type jackknife variance 

estimate may be constructed by replacing ajy )(−  with 
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Fay (1996) claimed that “unlike MI (multiple imputation), the RS (Rao-Shao type) variance 
estimator does not use variation among the m different imputed sets.…Because the effect of 
missing data is incorporated in the variance calculation as a whole, instead of isolated…for MI, 
it is generally unnecessary to reference a t distribution to obtain adequate approximation for 
construction of confidence intervals” (p. 492). 

 
In some situations, Rubin’s multiple imputation (non-proper MI) inference may have inconsistent 
variance estimates. A modified version of Rao-Shao type jackknife variance estimate may be 
used: 
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In this jackknife variance estimate, the first sum of squares are usual jackknife terms, and the 
second sum of squares are designed to capture the variations usually added by the proper 
multiple imputations. 

 
Fay (1996) points out, “FWI resembles MI but may be distinguished by (a) the manner in which 
the imputations are made, (b) the procedures to obtain the estimates from the data set, and (c) 
the variance estimation and analysis of the resulting data set” (p. 492). 

 
Some anomalies given by Fay demonstrate that MI does not address effectively for some 
relatively simple situations. This is not surprising because, as Judkins (1996) pointed out that “ 
Fay’s fractionally weighted imputation (FWI) can be expected to yield true variance no larger 
than multiple imputation with the same number of replicates” (p. 508). Based on his finding, Fay 
suggests that researchers implement Monte Carlo studies to examine the performance 
characteristics of MI to develop a body of systematic evidence before applying it to specific 
problems. 
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However, Fay’s FWI method is subject to the same limitation as the Rao’s jackknife described 
in the preceding section; that is, it is basically a univariate tool and hard to extend to the 
multivariate case. Rubin (1996) further criticizes the limitation of Fay’s FWI method: “Fay’s 
approach is essentially constrained to the special situation where (a) there is the simplest pattern 
of nonresponse (i.e., there are respondents with no missing data and nonrespondents with all 
outcome variables missing), (b) hot-deck draws (possibly weighted) are made from each 
adjustment cell to impute donor values to nonrespondents, (c) there are effectively an unlimited 
number of respondent donors in each adjustment cell, and (d) the adjustment cell classification 
and design weights are assumed to control adequately for nonresponse biases for all estimands 
of interest. Since hot-deck classification is based on observed variables, Fay’s approach 
implicitly assumes an ignorable nonresponse mechanism, because otherwise (d) is violated” (p. 
515).  
 
4.3 Multiple imputation inference 
 
The discussion in this section is based on Rubin (1996). 
 
4.3.1 Objectives of imputations 
 
The basic objective of imputation is to allow ultimate data users to apply their existing analysis 
tools to any dataset with missing values using the same command structure and output standards 
as if there were no missing data. Certain ad hoc methods of handling missing data, such as 
“complete-case analysis,” “available-case analysis,” and “fill-in with means” satisfy this basic 
objective and so have a certain appeal. 
 
The ideal supplemental objective of imputation is that each complete-data statistical tool can be 
applied to each incomplete dataset to obtain the same inference as if the dataset had no missing 
values. This objective is obviously unachievable no matter what imputation method is used. It is 
analogous to saying that the objective of a survey is to obtain the same answer as a complete 
census. 
 
A less-ideal achievable supplemental objective could be as follows. Assuming that the ultimate 
user’s complete-data analysis is statistically valid for a scientific estimand, the answer that results 
from applying the same analysis method to an incomplete-data remains statistically valid for the 
same scientific estimand assuming the truth of the database constructor’s posited model for 
missing data. This supplemental goal can be achieved through some imputation methods, but can 
not be achieved through others. 
 
Before we discuss multiple imputation inference, let’s first clarify the meanings of scientific 
estimands and statistical validity.  
 
Scientific Estimands: Quantities of scientific interest that can be calculated in the population 
and do not change its value depending on the data collection design used to measure them (i.e., 
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they does not vary with sample size and survey design, or the number of nonrespondents or 
follow-up efforts). For example, scientific estimands include population means, variances, 
correlations, factor loadings, regression coefficients, but exclude the sampling variance of a 
sample mean under a particular sampling plan and the expectation of the complete-data sample 
mean when missing values are filled in with zero or the observed sample means. 
 
Statistically Validity: This must be a frequency concept, averaging over randomization 
distributions generated by known sampling mechanisms and posited distribution for the response 
mechanisms. Bayesian validity is also important, but is far more difficult to achieve in this context 
because it requires far more compatibility between the database constructor and the analyst. 
 
First and foremost, to achieve statistical validity for scientific estimands, point estimation must be 
approximately unbiased for the scientific estimands, averaging over the sampling and the posited 
nonresponse mechanisms. Second, interval estimation and hypothesis testing must be valid in the 
sense that nominal levels describe operating characteristics over sampling and posited response 
mechanisms. There are two versions of frequentist validity for nominal levels: randomization 
validity and confidence validity. Randomization validity means that, for interval estimates, the 
actual interval coverage equals the nominal interval coverage, and for tests of hypotheses, the 
actual rejection rate equals the nominal rejection rate. Confidence validity means that, for 
interval estimates, the actual coverage rate is greater than or equal to the nominal coverage rate, 
and for tests of hypotheses, the actual rejection rate is less than or equal to the nominal rejection 
rate. Confidence validity is a more generally achievable objective.  
 
To express the concepts in mathematical equations, let X be the array of all background 
information fully observed in a population and Y be the array of outcome information in the 
population that is to be sampled in the survey. Q = Q(X, Y) is a scientific estimand. Suppose $Q  
is a complete-data estimate of Q with sampling variance consistently estimated by the statistic 
U. Then randomization validity with complete-data is equivalent to  
 

E Q X Y Q( $ , ) ≅  (unbiasedness of point estimate) 
and 

E U X Y Var Q X Y( , ) ( $ , )≅  (unbiasedness of variance estimate). 

 
For confidence validity with complete data, the second condition is replaced by 
 

E U X Y Var Q X Y( , ) ( $ , )≥ . 

 
4.3.2 Multiple imputation inference 
 
The goal of multiple imputation (sometimes also called repeated imputation) is to provide 
statistically valid inference in the difficult real-world situation where (1) ultimate users and 
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database constructors are distinct entities with different analyses, models, and capabilities, and 
(2) there typically is no one accepted reason for the missing data. 
 
Multiple imputation was designed to satisfy both the achievable basic objective and the 
achievable supplemental objective stated in preceding sub-section by using Bayesian and 
frequentist paradigms in complementary ways: the Bayesian model-based approach to create 
procedures, and the frequentist (randomization-based approach to evaluate procedures. 
 
Multiple imputation is based on the following Bayesian results: 

 
P QY P QY Y P Y Y dYobs obs mis mis obs mis( ) ( , ) ( )= ∫ , 

or in words 
 

(Actual posterior distribution of Q) = AVE (complete-data posterior distribution of Q), 
 

where AVE (complete-data posterior distribution of Q ) refers to the average over the repeated 
imputations, which are draws from P(Ymis | Yobs), which is the posterior predictive distribution of 
missing data given the observed data. About the first two moments, we have: 

E Q Y E E QY Y Yobs obs mis obs( ) [ ( , ) ]=  

or in words 
 

 (Posterior mean of Q) = AVE (repeated complete-data posterior means of Q) 
 

V QY E V Q Y Y Y V E QY Y Yobs obs mis obs obs mis obs( ) [ ( , ) ] [ ( , ) ]= + . 

 
Suppose that we have m sets of repeated imputations, and the lth (l=1, 2, …, m) point estimate 
and its corresponding variance-covariance estimate based on the lth set of imputed data using 
standard formulas are ),( ** ll UQ . Then the repeated-imputation estimate of Q is:  
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is the between-imputation variability. We expect:  
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),0(~)( ∞∞− TNQQ , 
 
where mm

QQ
∞→∞ = lim  and mm

TT
∞→∞ = lim . 

 
A “proper” multiple imputation procedure treats (X, Y) and the intended sample (as indicated by 
I) as fixed, and deals with the fixed but unknown values of the complete-data statistics ( $ , )Q U in 
the sample as if they were estimands. That is, the randomization distribution critically involved in 
the definition of proper multiple imputation is generated by the response mechanism, in which X, 
Y, and I are fixed , and the response indicator R is the random variable. That means a proper 
imputation must satisfy the followings: 

 
E Q X Y I Q( , , ) $

∞ ≅        (4.1) 
E U X Y I U( , , )∞ ≅        (4.2) 

E B X Y I Var Q X Y I( , , ) ( , , )∞ ∞≅      (4.3) 
 

The definition of proper concerns the situation where “population” equals complete-data 
sample, “estimands” equals complete-data statistics ( $ , )Q U , and “survey design” equals the 
posited response mechanism. The criterion is valid frequency inference, and the method for 
creating inferences is Bayesian predictive inference using simulated values. 

 
It follows from (4.1)–(4.3) that, if the complete-data inference is randomization-valid and the 
multiple imputation procedure is proper, the infinite-m repeated imputation inference is 
randomization-valid under the posited response mechanism. 
 
Rubin (1987, chapter 4) presented analytic results, simulation evaluations, and many examples 
of proper and improper multiple imputation methods, where the evaluations were all from the 
random-response randomization-based frequentist perspective. The trick in many of the 
examples of proper imputation was to get the variance condition (4.3) correct, and it was 
shown that when drawing imputations to approximate repetitions from a sensible Bayesian 
model, conditions (4.1)–(4.3) typically followed automatically. The more straightforward 
conditions, (4.1) and (4.2), typically were simple properties of any intelligent imputation scheme 
that tried to track the data. An example of a method that does not track the data is “fill in the 
mean,” which, although it may satisfy (4.1) for $ $Q y= , fails to do so for $Q s= 2  or for the 25th 
percentile, or to satisfy (4.2) for U = s2/n, etc. Hot deck (bootstrap) and random-draw 
regression methods tend to satisfy (4.1) and (4.2) but fail to satisfy (4.3) until a Bayesian, 
systematic between-imputation component of variability is added (e.g., via the Bayesian 
Bootstrap), to reflect uncertainty in the estimation of population parameters. 

 
A multiple imputation procedure is strongly superefficient for the complete-data statistic $Q  if, 
first, Q∞  and $Q  estimate the same estimand, that is, the procedure is “first-moment proper” for 
$Q : E Q X Y E Q X Y( , ) ( $ , )∞ = , and second Q∞  has no larger variance than the complete-data 
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estimate itself: Var Q X Y Var Q X Y( , ) ( $ , )∞ ≤ . If the second condition is replaced by 

Cov Q Q X Y Var Q X Y( , $ , ) ( $ , )∞ ≤ , then it is called superefficient imputation. Strongly 
superefficient imputation implies superefficient imputation. 
 
A multiple imputation procedure is confidence-proper for the complete-data statistics ( $ , )Q U  if 
the imputations are “first-moment proper” for ( $ , )Q U  and  

 
E U X Y E U X Y( , ) ( , )∞ =  

 
and if B∞ conservatively estimates the “excess variance” of Q∞  over $Q : 

 
E B X Y Var Q X Y Var Q X Y( , ) ( , ) ( $ , )∞ ∞≥ −  

 
If a multiple imputation procedure is proper for ( $ , )Q U  it is confidence proper for ( $ , )Q U . If the 
complete-data inference based on ( $ , )Q U is confidence valid and the multiple imputation 
procedure is confidence proper for ( $ , )Q U , then the repeated-imputation inference is confidence 
valid no matter how complex the survey design. 
 
According to Rubin (1996), any imputation method that satisfies the validity objective in 
generality must not only reflect the underlying response mechanism but must also be a random 
draw method. Nonrandom draw methods can be applied in special cases but require special 
analysis techniques. Of course, the development of user-friendly appropriate software for 
creating multiple imputations and analyzing multiply-imputed data is still badly needed. 
 
Rubin (1996) also advises including all variables in a multiple imputation model to make it 
proper in general. If X is correlated with Y but not used to multiply-impute Y, then the multiply-
imputed dataset will yield estimates of the (X, Y) correlation biased towards zero. Thus, the 
danger with an imputer’s model is generally in leaving out predictors rather than including too 
many, and the advice has always been to include as many variables as possible when doing 
multiple imputation. Nevertheless, because problems can occur when the imputer’s model 
leaves out important predictor variables, the database constructor must include a description of 
the imputation model with the multiply-imputed database, so that ultimate users know which 
relationships among variables have been implicitly set to zero. This is obviously good advice in 
principle, but it may be difficult to do in practice. 
 
4.3.3 Current issues concerning multiple imputation 
 
Rubin (1996) also discussed current issues concerning multiple imputation. The first issue 
focuses on its implementation: operational difficulties for the database constructor and the 
ultimate user, as well as the acceptability of answers obtained partially through the use of 
simulation. The second issue concerns the frequentist validity of repeated-imputation inferences 
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when the multiple imputations are not proper, but appear “reasonable” in some sense. 
Specifically, Rubin raised four questions and tried to answer them: 
 
(1)  Is multiple imputation unprincipled or unacceptable because it uses simulation? 
 
It is critical to remember that multiple imputation does not pretend to create information through 
simulated values but simply to represent the observed information this way to make it amenable 
to valid analysis using complete-data tools. The extra noise created when using a finite number 
of imputations is the price to be paid for this luxury. 
 
With multiple imputation, the simulation is only being used to handle the missing information, with 
reliance for handling the rest of the information left to the complete-data method, be it analytic 
or simulation-based. Jackknife and Bootstrap use many more simulations. More explicitly, 
hundreds or thousands of simulations will be needed for bootstrap or jackknife methods, 
whereas as few as five multiple imputations (or even three in some cases) are adequate under 
each model for nonresponse. The asymptotic efficiency of the repeated-imputation finite-m 
estimate relative to the infinite m estimate is [ ( / )] /1 1 2+ −γ m  in units of standard deviations, 
which is close to one with realistic fractions of missing information γ and modest m.  
 
(2) Is multiple imputation too much work for the user?  
(3) Does it take too much work to create proper or approximately proper multiple  

imputations?  
(4) Can repeated imputations under an appropriate Bayesian model lead to invalid  

inferences? 
 
His arguments to these three questions are not very convincing and therefore are not repeated 
here. There are no “right” answers to questions (2) and (3). Different people may have different 
opinions. Regarding question (4), Fay (1996) seems to give a “yes” answer; that is, it is possible 
that multiple imputation under a Bayesian model may lead to invalid inferences.  
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Chapter 5 Simulation Study 
 
5.1 Simulation design 
 
The simulation design factors are described as follows. 
 
5.1.1 Distribution 
 
Four sets of variables were generated for the simulation study. The distribution type and name 
of each of the variables generated are described below. 
 

(1)  Five variables from N(µ, 1) denoted as Norm1, Norm2, Norm3, Norm4, Norm5  
with µ=1, …, 5, respectively; 
 

(2)  Five variables from a double exponential distribution denoted as Dexp1, Dexp2,  
Dexp3, Dexp4, and Dexp5 with means of 1, 2, 3, 4, and 5, respectively, and variances 
equal to 2; 
 

(3)  Five variables from mixed normal distributions (i.e., 95 percent N(µ, 1) and 5 percent 
N(µ, 32)) denoted as MixNorm1, MixNorm2, MixNorm3, MixNorm4, and 
MixNorm5 with µ=1, …, 5, respectively. 
 

(4)  Five variables from mixed normal distributions (i.e., 95 percent N(µ, 1) and 5 percent 
χ µ2 4 4( ) − + ) denoted as MixNChi1, MixNChi2, MixNChi3, MixNChi4, and 
MixNChi5 with µ=1, …, 5, respectively. 
 

The first three sets of variables were symmetric about their means, while the fourth set of 
variables was right skewed. The five variables in each set had means of 1, 2, 3, 4, and 5 
respectively. Each set of five variables were correlated with the following correlation matrix: 
 

1 0 9 07 05 03
09 1 08 0 6 0 4
07 08 1 0 7 05
05 0 6 07 1 06
0 3 0 4 05 0 6 1

. . . .
. . . .
. . . .
. . . .
. . . .























 

 
The correlation coefficients between different sets of variables were small.  
 



 48

5.1.2 Missing mechanism 
  

(1) MCAR: Missing values in variables Norm1, Dexp1, MixNorm1, and MixNChi1 were 
missing completely at random (MCAR); 
 

 (2)  Tail values more likely missing (unconfounded): Missing values in Norm2  
were created with probability of exp(-λ |Norm1-1|), where λ was determined so that 
on average 10 percent, 20 percent, 30 percent, and 40 percent missing values were 
generated for the four missing rate categories under study. This was an unconfounded 
missing mechanism. Since Norm1 and Norm2 were positively correlated with 
correlation coefficient 0.9, tail values were missing with higher probabilities. Missing 
values in Dexp2, MixNorm2, and MixNChi2 were similarly created using Dexp1, 
MixNorm1, and MixNChi1; 
 

 (3) Large values more likely missing (unconfounded): Missing values in Norm3  
were created with probability of exp[-λ (Norm2-2)], where λ was determined so 
that on average 5 percent, 10 percent, 15 percent, and 20 percent missing values 
were generated for the four missing rate categories under study. This was an 
unconfounded missing mechanism. Since Norm2 and Norm3 were positively 
correlated with correlation coefficient 0.8, large values of Norm3 were missing with 
higher probabilities. Missing values in Dexp3, MixNorm3, and MixNChi3 were 
similarly created using Dexp2, MixNorm2, and MixNChi2; 
 

(4)  Center values more likely missing (unconfounded): Missing values in Norm4  
were created with probability of 1-exp[-λ |Norm3-3|], where λ was determined so 
that on average 10 percent, 20 percent, 30 percent, and 40 percent missing values 
were generated for the four missing rate categories under study. This was an 
unconfounded missing mechanism. Since Norm3 and Norm4 were positively 
correlated with correlation coefficient 0.7, center values of Norm4 were missing with 
higher probabilities. Missing values in Dexp4, MixNorm4, and MixNChi4 were 
similarly created using Dexp3, MixNorm3, and MixNChi3; 
 

(5) Tail values more likely missing (confounded): Missing values in Norm5  
were created with probability of 1-exp[-λ |Norm5-5|], where λ was determined so 
that on average 10 percent, 20 percent, 30 percent, and 40 percent missing values 
were generated for the four missing rate categories under study. This was a 
confounded missing mechanism since the probabilities of missing Norm5 depended on 
itself. Missing values in Dexp5, MixNorm5, and MixNChi5 were similarly created. 

 
We use the term “one-side missing mechanism” for mechanism (3) and the term “two-side 
missing mechanism” for the other four mechanisms for the convenience of description. 
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5.1.3 Missing rates 
 

For missing mechanisms (1), (2), (4), and (5), the four types of missing rates were 10 
percent, 20 percent, 30 percent, and 40 percent, while for missing mechanisms (3), the 
four types of missing rates were 5 percent, 10 percent, 15 percent, and 20 percent.  

 
5.1.4 Imputation methods 
 

(1) Mean Imputation (deterministic): Missing values were replaced with the sample 
mean. 

 
(2) Ratio Imputation (deterministic): Missing values in y were replaced by  

 

y
y

x
xi

obs

obs
i=

−
+

1
1 , 

 
where yobs  and xobs  were the means of the observed values for the target variable and 
auxiliary variables respectively. Norm1, Norm2, Norm3, and Norm4 served as 
auxiliary variables for Norm2, Norm3, Norm4, and Norm5, respectively.  
 
Since the means of the target variables were one more than the means of the auxiliary 
variables, we subtracted 1 from the numerators of the ratios and added 1 back to the 
final imputed values. This means that we used ratio imputation model E y x( )− =1 β  
instead of E y x( ) = β  because the later model led to very bad results.  
 
We did not use ratio imputation for Norm1 since we needed to create a complete 
auxiliary variable to start the ratio imputation process. Because missing values in 
Norm1 were missing completely at random, we started with this variable and imputed 
its missing values using the mean with disturbance method described in (5) below.  
 
The other three sets of five variables were imputed in the same way as the normal 
variables.  

 
(3) Sequential nearest neighbor hot deck method (deterministic): This is also called the 

traditional hot deck method. To impute any one of the five variables in each set, the 
data were first sorted by the other four variables of that set. The observed mean 
served as the starting stored value. Then the sequential imputation process started to 
check each record in the sorted data file. If a record had a response for the target 
variable, the stored value was updated by this new response value; if a record missed 
the target variable, the currently stored value would serve as the imputation value.  
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(4) Random imputation method (random): Randomly drew imputations from the 
observed values (with replacement). 

 
(5) Mean imputation with disturbance (random): Random disturbances drawn from 

N(0, s2) were added to the mean imputation (1), where s2 is the sample variance. 
 

(6) Ratio imputation with disturbance (random): Random disturbances were drawn 
from N(0, s2) were added to the ratio imputation (2), where s2 is the sample variance.  
 

(7) Approximate Bayesian Bootstrap (ABB) method (random): First drew r values  
randomly with replacement from the observed values Y Yr1 , ... ,  to create Yobs

∗ , and then 
drew m values randomly with replacement from Yobs

∗  for imputation, where r and m 
were the number of observed values and that of missing values. 
 

 (8) Bayesian Bootstrap (BB) method (random): First, drew r-1 uniform random  
numbers between 0 and 1, and let their ordered values be a ar1 1, ... , − ; also let a0=0 
and ar=1, where r was the number of respondents. Then, drew each of the m missing 
values by drawing from Y Yr1 , ... ,  with probabilities ( )a a1 0− , ( )a a2 1− , …, ( )1 1− −ar ; 
that is, independently m times, drew a uniform random number u, and imputed Yi if 
a u ai i− < ≤1  (i=1, 2, …, r).  
 

 (9) PROC IMPUTE (random): First, used a stepwise regression approach to find  
the best regression equations and then used the predicted regression values to form 
the “optimal” imputation classes. Then, for each missing record, two observed values 
were drawn and weighted to form the imputation value. One of the two observed 
values were drawn according to the estimated distribution of the observed values from 
its own imputation class and the other from the nearest imputation class.  
 

(10) Data Augmentation (random): This Bayesian iterative method assumed two  
distributions: the distribution of the data and the prior distribution of the parameters. 
The imputation process consisted of two steps: (i) I-step: with current parameter 
estimates, drew imputations for the missing values from the predicted distribution of 
the data; (ii) P-step: with both the observed data and the imputed values of the missing 
data, drew parameter estimates from their posterior distribution. To start this iterative 
process, we may use the EM algorithm to obtain initial parameter estimates for the first 
I-step. Schafer’s software was used to implement this method in our simulation. This 
software assumes multivariate normal distribution for the data, and normal prior for the 
parameters of means and normal-inverted Wishart for the variance-covariance 
parameters. 
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(11) Adjusted data augmentation method (random): If the normality assumption for  
the continuous data in Schafer’s software is in question, it is desirable to let the 
observed data Yobs influence the shape of the distribution of values imputed for Ymis. 
We can accomplish this as follows. First µ ∗  and σ *2  were drawn in the same way 
from their posterior distributions as in Schafer’s software. Then the components of m-
dimensional vector X X X m= ( , ... , )1  were drawn with replacement from Yobs. Under 
repeated draws from Yobs, the standardized variable 
  

Z X y r s ri i r r= − −( ) / ( ) /1 2  
 
had expected value 0 and variance 1. Finally, the m components of Ymis were set 
equal to µ σ∗ ∗+ Z i , i=1, 2, .…, m. 

 
For each combination formed by the above simulation factors, 200 replicate runs were 
performed. We assessed the imputation methods based on their average performance over the 
200 replications. The sample size for each replicate data set was 100.  
 
5.2 Simulation results 
 
We compared the imputation methods in terms of bias of parameter estimates (mean, median, 
first and third quartiles), bias of variance estimates (single and multiple imputations), coverage 
probability, confidence interval width, and average imputation error. Analyses and conclusions 
according to each criterion based on the simulation results follow. The detailed simulation results 
are presented in tables 5.2.1.1–5.2.7.5. 
 
5.2.1 Bias of population mean estimates 
 
Tables 5.2.1.1–5.2.1.5 present the biases of population mean estimates for the 11 imputation 
methods under study. Table 5.2.1.1 combines the four missing rate categories with overall 
missing rates of around 25 percent for missing mechanisms (1), (2), (4), and (5), and about 10 
percent for missing mechanism (3). The remaining four tables describe the biases for missing 
rate categories 10 percent, 20 percent, 30 percent, and 40 percent. The numbers of missing 
values for one-side missing mechanism (3) are about half of those for the other four two-side 
missing mechanisms.  
 
For symmetric distributions (normal, double exponential, and mixed normal) and two-side 
missing mechanisms, the population mean estimates based on the incomplete data are 
theoretically unbiased. Therefore, the values in the first three rows in each block except block 3 
of tables 5.2.1.1–5.2.1.5 are all pretty close to zero. For these cases, it does not make much 
sense to compare the imputation methods in terms of improvement of biases. 
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When large values are more likely to be missing, block 3 of table 5.2.1.1 shows that the 
negative biases caused by missing values, which are the same as those for the mean imputation 
method, are considerable for all four types of distributions although there are only about 10 
percent missing values. As the distributions depart further from normal, the biases become more 
and more serious. The ratio imputation method, ratio imputation with disturbance method, and 
Schafer’s software perfectly corrected the biases. PROC IMPUTE and the sequential nearest 
neighbor hot deck method improved the biases substantially, but PROC IMPUTE has a 
significant advantage over the hot deck method. Since the adjusted data augmentation method 
introduces more impact of the observed data and the observed data are biased for missing 
mechanism (3), this method results in only slight (negligible) improvement of the biases. All other 
imputation methods are helpless with the nonresponse biases because these methods do not use 
any auxiliary information from other variables. 
 
We believe that one reason why the ratio imputation method performs so well is because we 
used the same variables to create and to impute the missing values for each target variable. The 
second reason is the high correlation coefficients (at least 0.6) between the target variables and 
the auxiliary variables used by the ratio imputation method. The ratio imputation method is more 
sensitive to the model specification because it directly uses the predicted values from the 
equations as imputation values. Actually, when we used ratio imputation model E y x( ) = β  
instead of E y x( )− =1 β  in our first attempt, the results were worse than any other method. 
Later we subtracted 1 from y so that the means of y-1 and x were equal. But this is not a 
requirement of the ratio imputation method. It is more natural for many analysts to consider the 
model E y x( ) = β  to impute y with auxiliary variable x rather than E y x( )− =1 β . Therefore, we 
should be very cautious in the selection of ratio imputation models in real applications where the 
underlying missing mechanisms and the data distributions are generally unknown. 
 
The fourth row of each block in tables 5.2.1.1–5.2.1.5 present the biases for the right skewed 
distribution, the mixer of 95 percent Normal and 5 percent Chi-square. These biases are not 
severe when the missing rates are low. As the missing rates increase, the biases become 
considerable. For the MCAR missing mechanism, all imputation methods are supposed to 
provide unbiased mean estimates. For missing mechanisms (2) and (3), since tail values are 
more likely missing and the right side has more tail values with the right skewed distributions, the 
mean estimates based on the incomplete data will underestimate the population mean. It is 
evident that the biases with the confounded mechanism (5) are much more serious than with the 
unconfounded mechanism (2). On the other hand, for missing mechanism (4), when center 
values are more likely missing, the estimates based on the incomplete data tend to overestimate 
the population mean. But the right skewness will not have as much effect with this missing 
mechanism as with missing mechanisms (2) and (5) since center values have much less effect on 
the mean estimates than tail values. That is why row 4 of block 4 in tables 5.2.1.2–5.2.1.4 does 
not show positive biases. However, the positive biases are substantial in row 4 of block 4 in 
table 5.2.1.5 when the missing rate increases to 40 percent.  
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We found earlier that ratio imputation with or without disturbance, Schafer’s software, PROC 
IMPUTE, and hot deck are all very effective in improving the biases caused by missing 
mechanism (3). However, the improvement is much less impressive for the biases caused by the 
right skewness of the distributions, although these methods can still provide improvement in 
most cases when considerable biases exist with the incomplete data. Overall, they are still a little 
better than the other methods. 
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Table 5.2.1.1—Bias of population mean estimates (overall *) 
Missing 
Mechanism 

 
Distribution 

Missing 
Rate 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 24.7% -0.005  0.012 -0.007 -0.009  -0.003 -0.008 -0.003 -0.006 -0.004 
 Dexp 25.0% -0.004  0.014 0.001 0.000  -0.009 -0.015 -0.003 -0.004 0.003 
 MixNorm 24.9% 0.003  0.025 0.003 0.009  0.009 0.002 -0.004 -0.005 0.001 
 MixNChi 24.9% 0.009  0.079 0.011 0.011  0.011 0.033 0.014 0.008 0.022 
                   
2. Unconfounded Normal 17.7% 0.005 -0.002 0.000 0.008 0.006 -0.007 0.006 0.007 -0.002 -0.001 0.006 
   (tail values  Dexp 18.0% -0.003 -0.011 -0.008 -0.007 -0.004 -0.009 0.004 -0.007 0.001 -0.003 -0.007 
    more likely MixNorm 18.5% 0.003 -0.009 0.001 0.000 0.001 -0.003 0.004 0.006 0.002 -0.004 0.001 
    missing) MixNChi 16.8% -0.014 -0.034 0.016 -0.011 -0.012 -0.033 -0.011 -0.011 -0.023 0.000 -0.010 
                   
3. Unconfounded Normal 9.5% -0.094 0.002 -0.021 -0.095 -0.094 0.004 -0.093 -0.094 0.010 0.001 -0.085 
   (large values  Dexp 9.2% -0.118 0.003 -0.034 -0.116 -0.119 0.002 -0.119 -0.112 0.020 0.003 -0.103 
     more likely MixNorm 9.8% -0.109 0.001 -0.024 -0.109 -0.110 0.004 -0.112 -0.104 0.011 0.001 -0.098 
     missing) MixNChi 9.1% -0.159 -0.001 -0.061 -0.160 -0.157 -0.001 -0.151 -0.154 -0.045 -0.007 -0.143 
                   
4. Unconfounded Normal 22.5% 0.013 0.032 0.009 0.016 0.010 0.032 0.012 0.012 -0.002 0.004 0.013 
   (Center values  Dexp 19.6% -0.006 0.022 -0.014 -0.007 0.000 0.027 0.000 -0.007 -0.016 -0.005 -0.010 
     more likely MixNorm 21.0% 0.010 0.031 0.008 0.007 0.010 0.030 0.018 0.016 -0.004 -0.002 0.007 
     missing) MixNChi 23.9% 0.016 0.048 0.022 0.025 0.024 0.054 0.020 0.018 -0.012 -0.004 0.022 
                   
5. Confounded Normal 25.1% -0.003 0.002 0.001 0.000 -0.005 0.004 -0.008 -0.001 -0.008 -0.006 -0.004 
   (tail values  Dexp 26.9% 0.005 0.016 0.012 0.010 0.004 0.012 0.006 0.003 0.006 0.006 0.006 
    more likely MixNorm 27.1% -0.010 -0.005 -0.004 -0.009 -0.013 -0.007 -0.011 -0.006 -0.014 -0.019 -0.006 
    missing) MixNChi 27.1% -0.076 -0.022 -0.045 -0.071 -0.070 -0.015 -0.072 -0.078 -0.065 -0.032 -0.062 
* “Overall” means that the four missing rate categories are combined. Biases in population means for each separate missing rate category are reported in tables 
5.2.1.2 to 5.2.1.5. 
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Table 5.2.1.2—Bias of population mean estimates with about 10% missing values *  
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal -0.019  -0.023 -0.021 -0.021  -0.024 -0.014 -0.019 -0.021 -0.020 
 Dexp -0.006  0.005 -0.006 -0.010  -0.001 -0.007 0.003 0.008 -0.003 
 MixNorm 0.033  0.036 0.039 0.045  0.043 0.035 0.031 0.027 0.040 
 MixNChi -0.028  -0.031 -0.013 -0.024  -0.034 -0.017 -0.027 -0.012 0.001 
             
2. Unconfounded Normal -0.001 -0.007 -0.005 -0.002 -0.002 -0.010 0.000 0.003 -0.004 -0.007 -0.003 
   (tail values  Dexp 0.005 0.000 0.016 -0.002 0.000 0.004 0.009 0.004 0.009 0.005 -0.001 
    more likely MixNorm 0.016 0.023 0.022 0.022 0.017 0.021 0.021 0.018 0.026 0.026 0.027 
    missing) MixNChi -0.023 -0.046 0.007 -0.024 -0.013 -0.035 -0.024 -0.032 -0.030 -0.011 -0.015 
             
3. Unconfounded Normal -0.042 0.014 0.002 -0.042 -0.044 0.016 -0.041 -0.044 0.007 0.008 -0.040 
   (large values  Dexp -0.061 0.008 -0.011 -0.062 -0.059 0.009 -0.056 -0.062 -0.001 -0.002 -0.059 
     more likely MixNorm -0.035 0.028 0.011 -0.035 -0.039 0.031 -0.039 -0.036 0.020 0.020 -0.031 
     missing) MixNChi -0.091 0.015 -0.031 -0.084 -0.081 0.017 -0.091 -0.090 -0.022 0.004 -0.079 
             
4. Unconfounded Normal -0.010 -0.006 -0.020 -0.003 -0.006 0.000 -0.009 -0.012 -0.011 -0.012 -0.003 
   (Center values  Dexp 0.014 0.020 0.009 0.006 0.007 0.027 0.015 0.006 0.012 0.013 0.005 
     more likely MixNorm 0.024 0.027 0.022 0.027 0.023 0.027 0.032 0.034 0.020 0.018 0.028 
     missing) MixNChi -0.013 -0.005 -0.024 -0.020 -0.024 -0.018 -0.036 -0.010 -0.023 -0.030 -0.013 
             
5. Confounded Normal 0.005 0.003 0.011 0.006 0.007 0.010 0.007 0.004 0.006 0.000 0.006 
   (tail values  Dexp 0.026 0.024 0.034 0.033 0.029 0.028 0.025 0.026 0.025 0.017 0.030 
    more likely MixNorm 0.004 0.010 0.009 0.004 0.001 0.012 0.010 0.011 0.006 0.010 0.006 
    missing) MixNChi -0.060 -0.008 -0.035 -0.050 -0.045 -0.006 -0.064 -0.050 -0.029 -0.010 -0.041 
* There are about 5% missing values for missing mechanism 3. 
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Table 5.2.1.3—Bias of population mean estimates with about 20% missing values *  
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal -0.003  0.003 0.001 -0.005  0.002 -0.010 -0.007 -0.011 0.000 
 Dexp -0.013  -0.014 0.006 -0.001  -0.023 -0.024 -0.024 -0.012 0.000 
 MixNorm -0.003  0.004 -0.003 0.006  -0.005 0.004 -0.012 -0.012 -0.006 
 MixNChi -0.012  0.004 -0.028 0.016  -0.007 -0.008 0.022 0.016 -0.016 
             
2. Unconfounded Normal -0.001 -0.008 0.003 0.000 0.001 -0.017 0.005 -0.002 -0.004 -0.001 -0.002 
   (tail values  Dexp -0.007 -0.003 0.019 -0.008 -0.003 0.009 -0.013 -0.006 -0.004 -0.006 -0.010 
    more likely MixNorm 0.009 -0.014 0.005 0.003 0.016 -0.006 0.008 0.006 -0.004 -0.010 -0.003 
    missing) MixNChi 0.024 -0.009 0.086 0.026 0.020 -0.009 0.026 0.039 -0.001 0.020 0.018 
             
3. Unconfounded Normal -0.081 0.005 -0.019 -0.080 -0.083 -0.002 -0.080 -0.087 0.003 0.001 -0.075 
   (large values  Dexp -0.092 0.019 -0.020 -0.090 -0.102 0.020 -0.094 -0.088 0.015 0.016 -0.082 
     more likely MixNorm -0.105 -0.003 -0.033 -0.112 -0.105 0.000 -0.103 -0.100 -0.009 -0.007 -0.106 
     missing) MixNChi -0.159 -0.004 -0.070 -0.167 -0.151 -0.003 -0.153 -0.145 -0.056 -0.014 -0.149 
             
4. Unconfounded Normal 0.001 0.016 0.019 -0.003 -0.002 0.013 0.014 0.006 0.000 0.005 -0.004 
   (Center values  Dexp -0.004 0.011 -0.006 -0.010 -0.005 0.015 -0.009 -0.004 -0.011 -0.009 -0.011 
     more likely MixNorm 0.002 0.020 0.001 0.003 0.002 0.022 0.003 -0.001 0.001 0.000 0.004 
     missing) MixNChi -0.004 0.026 -0.018 0.015 0.000 0.041 0.014 0.029 -0.015 -0.021 0.017 
             
5. Confounded Normal 0.000 0.004 0.000 0.006 -0.009 0.011 0.001 0.007 -0.009 0.002 0.007 
   (tail values  Dexp 0.003 0.009 0.005 0.007 0.006 0.005 0.012 -0.016 0.003 0.002 0.006 
    more likely MixNorm 0.003 -0.002 0.001 0.002 0.001 -0.015 0.012 0.011 -0.002 -0.011 0.007 
    missing) MixNChi -0.086 -0.031 -0.032 -0.065 -0.078 -0.005 -0.076 -0.096 -0.065 -0.034 -0.062 
* There are about 10% missing values for missing mechanism 3. 
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Table 5.2.1.4—Bias of population mean estimates with about 30% missing values *  
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.017  0.044 0.013 0.019  0.010 0.005 0.023 0.014 0.014 
 Dexp 0.035  0.052 0.035 0.038  0.034 0.025 0.031 0.030 0.043 
 MixNorm -0.034  -0.002 -0.027 -0.036  -0.020 -0.056 -0.042 -0.039 -0.031 
 MixNChi 0.005  0.090 0.003 0.013  0.005 0.039 0.006 -0.019 0.017 
             
2. Unconfounded Normal 0.032 0.019 0.029 0.039 0.041 0.012 0.022 0.035 0.019 0.021 0.037 
   (tail values  Dexp -0.007 -0.020 -0.022 -0.009 -0.002 -0.020 0.004 -0.014 0.005 -0.001 -0.002 
    more likely MixNorm -0.019 -0.046 -0.043 -0.026 -0.025 -0.036 -0.024 -0.011 -0.040 -0.046 -0.034 
    missing) MixNChi -0.038 -0.048 -0.038 -0.037 -0.030 -0.058 -0.046 -0.025 -0.058 -0.017 -0.026 
             
3. Unconfounded Normal -0.093 0.018 -0.001 -0.097 -0.094 0.020 -0.092 -0.088 0.028 0.019 -0.084 
   (large values  Dexp -0.139 0.002 -0.054 -0.141 -0.137 0.000 -0.136 -0.134 0.031 0.001 -0.125 
     more likely MixNorm -0.160 -0.035 -0.056 -0.160 -0.167 -0.032 -0.165 -0.158 -0.017 -0.029 -0.146 
     missing) MixNChi -0.203 -0.028 -0.057 -0.203 -0.211 -0.032 -0.187 -0.202 -0.081 -0.040 -0.182 
             
4. Unconfounded Normal 0.041 0.063 0.034 0.051 0.044 0.066 0.040 0.028 0.019 0.030 0.043 
   (Center values  Dexp -0.022 0.010 -0.004 -0.021 0.002 0.008 -0.006 -0.020 -0.045 -0.019 -0.022 
     more likely MixNorm -0.012 0.019 -0.016 -0.009 -0.019 0.022 0.005 -0.001 -0.023 -0.028 -0.015 
     missing) MixNChi -0.027 0.025 -0.023 -0.044 -0.027 0.033 -0.045 -0.031 -0.050 -0.045 -0.043 
             
5. Confounded Normal -0.001 0.013 0.002 0.000 0.004 0.018 -0.009 0.004 -0.001 -0.006 -0.007 
   (tail values  Dexp -0.014 -0.005 0.000 -0.009 -0.023 -0.019 -0.003 0.000 -0.029 -0.007 -0.008 
    more likely MixNorm -0.036 -0.022 -0.031 -0.042 -0.045 -0.017 -0.043 -0.027 -0.041 -0.045 -0.042 
    missing) MixNChi -0.095 -0.047 -0.064 -0.105 -0.096 -0.034 -0.098 -0.109 -0.091 -0.063 -0.100 
* There are about 15% missing values for missing mechanism 3. 
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Table 5.2.1.5—Bias of population mean estimates with about 40% missing values *  
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal -0.018  0.023 -0.021 -0.027  -0.002 -0.015 -0.010 -0.006 -0.009 
 Dexp -0.032  0.012 -0.030 -0.026  -0.045 -0.053 -0.022 -0.040 -0.029 
 MixNorm 0.018  0.062 0.001 0.021  0.016 0.025 0.009 0.004 -0.001 
 MixNChi 0.072  0.253 0.083 0.039  0.078 0.118 0.054 0.048 0.084 
             
2. Unconfounded Normal -0.010 -0.013 -0.028 -0.007 -0.018 -0.013 -0.005 -0.006 -0.018 -0.017 -0.006 
   (tail values  Dexp -0.003 -0.022 -0.045 -0.009 -0.013 -0.028 0.014 -0.013 -0.005 -0.011 -0.016 
    more likely MixNorm 0.004 0.003 0.020 0.002 -0.003 0.009 0.011 0.011 0.025 0.013 0.014 
    missing) MixNChi -0.018 -0.032 0.008 -0.008 -0.023 -0.029 0.001 -0.027 -0.001 0.008 -0.016 
             
3. Unconfounded Normal -0.159 -0.027 -0.064 -0.160 -0.156 -0.020 -0.159 -0.158 0.000 -0.023 -0.141 
   (large values  Dexp -0.178 -0.016 -0.052 -0.170 -0.179 -0.022 -0.192 -0.166 0.033 -0.005 -0.145 
     more likely MixNorm -0.134 0.013 -0.018 -0.131 -0.130 0.018 -0.139 -0.122 0.049 0.020 -0.109 
     missing) MixNChi -0.182 0.012 -0.086 -0.185 -0.183 0.015 -0.175 -0.178 -0.022 0.022 -0.163 
             
4. Unconfounded Normal 0.018 0.054 0.003 0.017 0.004 0.050 0.004 0.026 -0.017 -0.007 0.014 
   (Center values  Dexp -0.011 0.046 -0.053 -0.003 -0.004 0.058 -0.002 -0.010 -0.018 -0.005 -0.011 
     more likely MixNorm 0.024 0.059 0.025 0.008 0.033 0.052 0.031 0.033 -0.013 0.003 0.009 
     missing) MixNChi 0.109 0.144 0.154 0.147 0.149 0.159 0.148 0.083 0.038 0.081 0.125 
             
5. Confounded Normal -0.017 -0.011 -0.011 -0.014 -0.023 -0.022 -0.032 -0.021 -0.028 -0.020 -0.020 
   (tail values  Dexp 0.007 0.035 0.009 0.010 0.005 0.035 -0.008 0.004 0.024 0.013 -0.006 
    more likely MixNorm -0.012 -0.006 0.005 0.000 -0.008 -0.007 -0.022 -0.018 -0.019 -0.028 0.006 
    missing) MixNChi -0.062 -0.004 -0.046 -0.062 -0.063 -0.017 -0.051 -0.055 -0.076 -0.022 -0.045 
* There are about 20% mis sing values for missing mechanism 3. 
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5.2.2 Bias of variance estimates with single imputation 
 
Tables 5.2.2.1–5.2.2.5 report the relative biases of variance estimates based on the incomplete 
data and the data imputed by the 11 methods. The relative biases are defined as: 
 

Re
( ) ( )

lative Bias
Estimated Var True Var

True Var
=

− .   (5.1) 

 
In this formula, we are discussing the variance among the data Var yi( ) , not the variance of the 
mean estimates Var y( ) , although the relative biases of the two variance estimates are equal for 
all the imputation methods. We will use the statement “the variance is 20 percent overestimated” 
if the relative bias is 0.20, and say “the variance is 20 percent underestimated” if the relative bias 
is -0.20. 
 
For the MCAR missing mechanism, the variance estimates based on the incomplete data are 
supposed to be unbiased, which was confirmed by the simulation. It is to be expected that the 
mean imputation method seriously underestimates the variances since the data were centralized 
by using the mean as the imputed values for all missing cases. One way to correct this 
underestimation is to multiply the variance estimates by the factor (n-1)/(r-1), where n is the 
sample size and  r is the number of observed values. The other way is to add random variation 
to the mean as imputation values as done by the mean with disturbance imputation method. 
Actually, the variance estimates based on the incomplete data and those based on the mean with 
disturbance imputation method are always approximately equal across all missing mechanisms 
and all distributions. 
 
For MCAR, all other methods seem fine except the sequential hot deck method which provides 
a few very large variance estimates for the mixed distribution of 95 percent normal and 5 
percent Chi-square. For example, the sequential hot deck overestimated the variance by 70 
percent and 24 percent respectively when there are 40 percent and 30 percent missing values. 
This is probably because some extremely large values were imputed too many times by the hot 
deck sequential imputation scheme. Therefore, the sequential hot deck imputation method is 
dangerous even for MCAR missing mechanism if extreme values or outliers exist in the 
observed data. For other distributions, the hot deck method works well. 
 
For unconfounded missing mechanism (2) where tail values are more likely missing, the 
incomplete data shrink to the center and, therefore, the variance estimates based on the 
incomplete data are too small. This underestimation is much less serious than for the confounded 
missing mechanism (5) where tail values are also more likely missing but the missing probabilities 
depend on the target variable itself. For mechanism (2), Schafer’s software performs better than 
the ratio imputation, which is better than PROC IMPUTE, which is better than the hot deck 
method. However, all four methods dramatically improved the negative biases of the variance 
estimates. The ratio imputation with disturbance method tends to overestimate the variances. 
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Slight improvement has been found with the adjusted data augmentation method. It is evident 
and expectable that the BB, ABB, random, and the mean with disturbance imputation methods 
all have almost the same variance estimates as the incomplete data, while the mean imputation 
method worsens the variance estimates. 
 
For unconfounded missing mechanism (3) where large values are more likely missing, the 
incomplete data have shorter range than the complete data; therefore, the incomplete data will 
underestimate the true variance. Since the missing rates are always less than 20 percent, the 
underestimation of the variances is not severe. Except for one case, all negative biases are 
smaller than 11 percent of the true variances. In this cases all imputation methods except the 
mean imputation provide fine variance estimates. However, Schafer’s software, ratio imputation, 
PROC IMPUTE, and the hot deck method still shows some advantage over the other methods. 
 
For unconfounded missing mechanism (4) where center values are more likely missing, the 
incomplete data overestimate the variances and so do the random, mean imputation with 
disturbance, ratio imputation with disturbance, ABB, and BB methods, while the mean 
imputation still underestimates the variances. These methods cannot improve the positive biases 
at all. Overall, Schafer’s software has the best performance, followed by the hot deck method, 
which is followed by PROC IMPUTE, which is followed by the ratio imputation. All four 
methods substantially improved the positive biases of variance estimates. The hot deck method 
has one bad case in which it overestimates the variance by 23 percent for the mixer of normal 
and Chi-square when the missing rate is 40 percent, but it is still a significant improvement over 
the incomplete data which overestimate the variance by 37 percent. Again, the adjusted data 
augmentation method can improve the biases slightly. 
 
For confounded missing mechanism (5) where tail values are more likely missing and the missing 
probabilities depend on the target variable itself, the incomplete data underestimate the 
variances much more seriously than for unconfounded missing mechanism (2). Again, the 
random, mean imputation with disturbance, ratio imputation with disturbance, ABB, and BB 
methods do not help at all with the biases. Schafer’s software, adjusted data augmentation and 
the hot deck method only slightly improve them. PROC IMPUTE only have improvement with 
the mixed distribution of normal and Chi-square which has much more serious underestimated 
variances than the other distributions. For this distribution, PROC IMPUTE is better than 
Schafer’s software, adjusted data augmentation, and the hot deck method. For this confounded 
missing mechanism, the only methods which can substantially improve the biases in variance 
estimates are ratio imputation with or without disturbance. These two methods are the only ones 
in this study that directly use auxiliary variables to predict missing values. This probably implies 
that we may have to use some directly predictive approach such as regression imputation or 
ratio imputation to impute missing values if the missing mechanism is confounded; that is, if the 
missing probabilities depend on the target variable itself.  
 
In summary, for the MCAR missing mechanism, all imputation methods can provide acceptable 
variance estimates except the mean imputation method, which needs to be adjusted with a 
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factor of (n-1)/(r-1). For unconfounded missing mechanisms, Schafer’s software performs best, 
and ratio imputation, PROC IMPUTE, and the hot deck method can all improve the biases of 
variance estimates dramatically, but the ratio imputation with disturbance method tends to 
overestimate the variance. For the confounded missing mechanism, only the ratio imputation 
method with or without disturbance substantially improves the biases. The random, ABB, BB, 
and mean imputation with disturbance methods are almost equivalent to the incomplete data for 
all missing mechanisms, while the adjusted data augmentation method always helps a little, but 
never much. 
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Table 5.2.2.1—Relative bias of variance estimates with single imputation (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal -0.002 -0.250  -0.039 -0.019 -0.010  -0.008 -0.009 -0.027 0.012 -0.010 
 Dexp 0.029 -0.234  -0.020 0.019 0.024  0.006 0.010 0.001 0.014 0.024 
 MixNorm 0.003 -0.247  -0.039 -0.004 -0.004  -0.006 -0.028 -0.027 0.004 0.006 
 MixNChi 0.016 -0.242  0.195 -0.011 0.007  -0.008 0.064 -0.044 0.026 0.018 
              
2. Unconfounded Normal -0.125 -0.279 0.033 -0.001 -0.123 -0.132 0.172 -0.130 -0.121 0.080 0.004 -0.097 
   (tail values  Dexp -0.236 -0.372 0.057 -0.065 -0.244 -0.237 0.174 -0.244 -0.240 -0.012 -0.009 -0.199 
    more likely MixNorm -0.191 -0.341 0.064 -0.025 -0.205 -0.193 0.206 -0.205 -0.196 -0.006 -0.002 -0.162 
    missing) MixNChi -0.424 -0.519 0.008 -0.204 -0.421 -0.429 0.097 -0.415 -0.426 -0.110 -0.005 -0.357 
              
3. Unconfounded Normal -0.047 -0.137 -0.018 -0.029 -0.050 -0.048 0.080 -0.046 -0.046 0.029 0.004 -0.041 
   (large values  Dexp -0.042 -0.131 -0.022 -0.024 -0.040 -0.040 0.058 -0.041 -0.045 0.042 0.003 -0.032 
     more likely MixNorm -0.045 -0.138 -0.020 -0.024 -0.051 -0.051 0.068 -0.049 -0.041 0.041 0.004 -0.044 
     missing) MixNChi -0.107 -0.190 -0.023 -0.052 -0.117 -0.107 0.057 -0.108 -0.098 -0.072 -0.009 -0.108 
              
4. Unconfounded Normal 0.126 -0.136 -0.082 0.014 0.114 0.118 0.171 0.119 0.119 -0.036 0.004 0.092 
   (Center values  Dexp 0.110 -0.113 -0.084 0.017 0.109 0.110 0.133 0.110 0.111 -0.041 -0.006 0.088 
     more likely MixNorm 0.121 -0.123 -0.083 -0.002 0.121 0.115 0.162 0.122 0.123 -0.036 -0.002 0.095 
     missing) MixNChi 0.146 -0.144 -0.126 0.011 0.165 0.137 0.148 0.186 0.123 -0.099 -0.021 0.117 
              
5. Confounded Normal -0.272 -0.444 -0.146 -0.255 -0.282 -0.278 0.106 -0.269 -0.278 -0.309 -0.247 -0.267 
   (tail values  Dexp -0.350 -0.510 -0.162 -0.321 -0.358 -0.360 0.055 -0.354 -0.353 -0.373 -0.317 -0.344 
    more likely MixNorm -0.352 -0.514 -0.178 -0.330 -0.353 -0.351 0.054 -0.361 -0.353 -0.375 -0.323 -0.338 
    missing) MixNChi -0.674 -0.750 -0.228 -0.629 -0.678 -0.676 -0.075 -0.676 -0.680 -0.488 -0.550 -0.644 
* “Overall” means that the four missing rate categories are combined. Relative biases of variance estimates for each separate missing rate category are reported in 
tables 5.2.2.2 to 5.2.2.5. 
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Table 5.2.2.2—Relative bias of variance estimates with single imputation with about 10% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 0.000 -0.091  0.001 -0.009 -0.008  0.003 -0.006 -0.003 0.012 -0.005 
 Dexp -0.012 -0.112  -0.025 -0.016 -0.016  -0.021 -0.018 -0.016 -0.009 -0.011 
 MixNorm 0.011 -0.092  -0.008 -0.001 0.008  -0.001 0.012 -0.007 0.016 0.003 
 MixNChi 0.015 -0.076  -0.016 0.010 0.018  0.009 0.116 -0.029 0.033 0.028 
              
2. Unconfounded Normal -0.052 -0.140 0.030 0.016 -0.044 -0.051 0.120 -0.057 -0.053 0.017 0.026 -0.031 
   (tail values  Dexp -0.157 -0.236 0.013 -0.032 -0.149 -0.157 0.071 -0.161 -0.152 -0.038 -0.021 -0.130 
    more likely MixNorm -0.135 -0.218 0.036 -0.007 -0.145 -0.135 0.134 -0.142 -0.141 -0.019 0.004 -0.129 
    missing) MixNChi -0.383 -0.439 0.049 -0.238 -0.393 -0.388 0.112 -0.379 -0.398 -0.074 0.046 -0.358 
              
3. Unconfounded Normal -0.014 -0.061 0.019 0.010 -0.019 -0.016 0.075 -0.011 -0.018 0.014 0.016 -0.017 
   (large values  Dexp -0.038 -0.080 -0.005 -0.021 -0.048 -0.039 0.028 -0.037 -0.036 -0.012 -0.010 -0.045 
     more likely MixNorm -0.037 -0.084 -0.006 -0.015 -0.034 -0.048 0.041 -0.039 -0.038 -0.007 -0.010 -0.031 
     missing) MixNChi -0.047 -0.087 0.073 0.041 -0.048 -0.047 0.122 -0.056 -0.053 -0.014 0.065 -0.048 
              
4. Unconfounded Normal 0.028 -0.068 -0.064 -0.019 0.023 0.026 0.021 0.023 0.020 -0.035 -0.023 0.021 
   (Center values  Dexp 0.053 -0.030 -0.028 0.016 0.049 0.058 0.055 0.050 0.064 -0.009 0.014 0.046 
     more likely MixNorm 0.016 -0.072 -0.069 -0.038 0.017 0.008 0.014 0.022 0.012 -0.044 -0.028 0.015 
     missing) MixNChi 0.008 -0.109 -0.107 -0.071 0.064 0.004 0.008 -0.037 -0.021 -0.085 -0.062 0.035 
              
5. Confounded Normal -0.139 -0.223 -0.088 -0.132 -0.137 -0.145 0.001 -0.133 -0.141 -0.154 -0.122 -0.132 
   (tail values  Dexp -0.180 -0.272 -0.096 -0.156 -0.178 -0.192 -0.009 -0.177 -0.186 -0.191 -0.152 -0.177 
    more likely MixNorm -0.182 -0.275 -0.129 -0.167 -0.193 -0.184 -0.033 -0.197 -0.177 -0.196 -0.163 -0.190 
    missing) MixNChi -0.441 -0.505 -0.147 -0.403 -0.449 -0.441 -0.070 -0.441 -0.458 -0.306 -0.335 -0.430 
* There are about 5% missing values for missing mechanism 3.  
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Table 5.2.2.3—Relative bias of variance estimates with single imputation with about 20% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 0.015 -0.198  -0.013 0.008 0.010  0.015 0.006 -0.015 0.014 0.015 
 Dexp 0.034 -0.178  0.008 0.032 0.029  0.004 0.027 -0.001 0.039 0.038 
 MixNorm -0.004 -0.203  -0.034 -0.021 -0.028  -0.002 -0.022 -0.023 0.001 -0.006 
 MixNChi -0.099 -0.281  -0.145 -0.101 -0.095  -0.133 -0.153 -0.031 -0.043 -0.077 
              
2. Unconfounded Normal -0.141 -0.278 0.020 -0.010 -0.118 -0.155 0.149 -0.148 -0.136 0.013 -0.019 -0.089 
   (tail values  Dexp -0.209 -0.343 0.075 -0.030 -0.220 -0.215 0.228 -0.225 -0.232 -0.001 0.020 -0.187 
    more likely MixNorm -0.162 -0.307 0.082 0.000 -0.183 -0.158 0.211 -0.184 -0.165 -0.012 -0.002 -0.146 
    missing) MixNChi -0.395 -0.508 0.117 0.012 -0.418 -0.394 0.223 -0.380 -0.375 -0.124 0.078 -0.336 
              
3. Unconfounded Normal -0.061 -0.136 -0.022 -0.046 -0.068 -0.067 0.041 -0.069 -0.060 -0.005 -0.017 -0.060 
   (large values  Dexp -0.022 -0.097 0.015 -0.005 -0.011 -0.019 0.093 -0.021 -0.027 0.027 0.030 -0.007 
     more likely MixNorm -0.060 -0.139 -0.014 -0.030 -0.063 -0.061 0.056 -0.069 -0.054 0.007 -0.007 -0.056 
     missing) MixNChi -0.212 -0.279 -0.091 -0.159 -0.218 -0.210 -0.046 -0.226 -0.190 -0.165 -0.084 -0.199 
              
4. Unconfounded Normal 0.117 -0.097 -0.077 0.014 0.104 0.103 0.146 0.126 0.109 -0.019 0.006 0.096 
   (Center values  Dexp 0.100 -0.063 -0.053 0.037 0.093 0.096 0.123 0.099 0.114 -0.018 0.015 0.080 
     more likely MixNorm 0.097 -0.089 -0.072 0.003 0.086 0.091 0.117 0.087 0.092 -0.033 -0.004 0.075 
     missing) MixNChi 0.095 -0.090 -0.084 -0.008 0.094 0.107 0.074 0.094 0.163 -0.064 -0.006 0.077 
              
5. Confounded Normal -0.224 -0.379 -0.118 -0.201 -0.224 -0.234 0.099 -0.229 -0.230 -0.252 -0.199 -0.211 
   (tail values  Dexp -0.267 -0.419 -0.135 -0.249 -0.270 -0.273 0.068 -0.281 -0.263 -0.280 -0.230 -0.261 
    more likely MixNorm -0.286 -0.439 -0.142 -0.266 -0.274 -0.288 0.057 -0.297 -0.289 -0.303 -0.252 -0.252 
    missing) MixNChi -0.709 -0.789 -0.220 -0.650 -0.712 -0.710 -0.103 -0.708 -0.714 -0.513 -0.565 -0.679 
* There are about 10% missing values for missing mechanism 3.  
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Table 5.2.2.4—Relative bias of variance estimates with single imputation with about 30% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal -0.022 -0.312  -0.058 -0.053 -0.022  -0.034 -0.024 -0.041 0.010 -0.043 
 Dexp 0.037 -0.275  -0.025 0.001 0.039  0.035 -0.011 0.009 0.008 0.010 
 MixNorm -0.002 -0.303  -0.051 -0.010 0.005  -0.004 -0.055 -0.024 -0.005 0.000 
 MixNChi 0.077 -0.255  0.238 0.072 0.077  0.089 0.090 0.022 0.067 0.050 
              
2. Unconfounded Normal -0.155 -0.335 0.047 -0.001 -0.162 -0.167 0.200 -0.152 -0.162 0.104 0.013 -0.125 
   (tail values  Dexp -0.262 -0.427 0.083 -0.063 -0.287 -0.260 0.207 -0.273 -0.267 -0.002 0.021 -0.224 
    more likely MixNorm -0.239 -0.403 0.107 -0.066 -0.250 -0.233 0.254 -0.260 -0.241 -0.026 0.010 -0.195 
    missing) MixNChi -0.459 -0.557 0.000 -0.240 -0.477 -0.461 0.105 -0.448 -0.470 -0.040 -0.039 -0.390 
              
3. Unconfounded Normal -0.040 -0.152 -0.018 -0.018 -0.037 -0.034 0.099 -0.036 -0.033 0.031 0.019 -0.027 
   (large values  Dexp -0.044 -0.149 -0.024 -0.028 -0.039 -0.048 0.070 -0.044 -0.047 0.084 0.009 -0.028 
     more likely MixNorm -0.011 -0.130 -0.004 0.013 -0.031 -0.016 0.111 -0.007 -0.003 0.090 0.043 -0.024 
     missing) MixNChi -0.100 -0.197 -0.039 0.021 -0.104 -0.091 0.068 -0.069 -0.073 -0.069 -0.025 -0.101 
              
4. Unconfounded Normal 0.163 -0.147 -0.090 0.021 0.148 0.149 0.194 0.164 0.157 -0.041 0.024 0.120 
   (Center values  Dexp 0.142 -0.134 -0.103 0.015 0.153 0.163 0.153 0.135 0.138 -0.046 -0.012 0.132 
     more likely MixNorm 0.192 -0.116 -0.065 0.053 0.198 0.188 0.247 0.197 0.198 -0.009 0.036 0.164 
     missing) MixNChi 0.113 -0.217 -0.196 -0.102 0.101 0.108 0.117 0.151 0.102 -0.168 -0.087 0.038 
              
5. Confounded Normal -0.314 -0.518 -0.174 -0.303 -0.332 -0.321 0.134 -0.318 -0.316 -0.363 -0.276 -0.313 
   (tail values  Dexp -0.408 -0.604 -0.183 -0.372 -0.428 -0.425 0.086 -0.404 -0.410 -0.444 -0.375 -0.405 
    more likely MixNorm -0.430 -0.621 -0.206 -0.406 -0.427 -0.426 0.064 -0.449 -0.434 -0.472 -0.395 -0.416 
    missing) MixNChi -0.734 -0.817 -0.290 -0.691 -0.733 -0.738 -0.101 -0.742 -0.736 -0.514 -0.611 -0.694 
* There are about 15% missing values for missing mechanism 3.  
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Table 5.2.2.5—Relative bias of variance estimates with single imputation with about 40% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal -0.001 -0.398  -0.085 -0.023 -0.019  -0.018 -0.013 -0.049 0.014 -0.009 
 Dexp 0.056 -0.372  -0.036 0.059 0.045  0.005 0.043 0.013 0.018 0.058 
 MixNorm 0.006 -0.389  -0.064 0.015 -0.001  -0.015 -0.046 -0.053 0.005 0.025 
 MixNChi 0.071 -0.356  0.702 -0.027 0.027  0.003 0.205 -0.137 0.047 0.071 
              
2. Unconfounded Normal -0.151 -0.363 0.034 -0.009 -0.169 -0.154 0.220 -0.162 -0.133 0.188 -0.002 -0.142 
   (tail values  Dexp -0.317 -0.482 0.055 -0.135 -0.322 -0.318 0.190 -0.318 -0.310 -0.005 -0.057 -0.254 
    more likely MixNorm -0.230 -0.435 0.032 -0.027 -0.241 -0.247 0.227 -0.235 -0.239 0.035 -0.019 -0.180 
    missing) MixNChi -0.457 -0.573 -0.135 -0.349 -0.396 -0.472 -0.052 -0.454 -0.461 -0.200 -0.104 -0.345 
              
3. Unconfounded Normal -0.071 -0.200 -0.049 -0.062 -0.076 -0.073 0.105 -0.068 -0.072 0.075 0.000 -0.062 
   (large values  Dexp -0.063 -0.196 -0.074 -0.042 -0.060 -0.056 0.039 -0.062 -0.071 0.069 -0.019 -0.047 
     more likely MixNorm -0.070 -0.200 -0.055 -0.064 -0.075 -0.078 0.065 -0.081 -0.068 0.073 -0.011 -0.063 
     missing) MixNChi -0.069 -0.196 -0.035 -0.111 -0.100 -0.079 0.083 -0.080 -0.075 -0.040 0.006 -0.082 
              
4. Unconfounded Normal 0.197 -0.233 -0.099 0.039 0.183 0.195 0.325 0.164 0.192 -0.049 0.009 0.131 
   (Center values  Dexp 0.143 -0.226 -0.154 0.002 0.140 0.122 0.202 0.155 0.129 -0.091 -0.043 0.094 
     more likely MixNorm 0.181 -0.215 -0.125 -0.026 0.182 0.173 0.270 0.184 0.188 -0.058 -0.014 0.126 
     missing) MixNChi 0.369 -0.160 -0.116 0.226 0.401 0.330 0.392 0.538 0.248 -0.079 0.069 0.317 
              
5. Confounded Normal -0.412 -0.657 -0.205 -0.386 -0.436 -0.412 0.190 -0.395 -0.426 -0.466 -0.390 -0.414 
   (tail values  Dexp -0.546 -0.745 -0.235 -0.506 -0.556 -0.549 0.077 -0.553 -0.555 -0.577 -0.513 -0.535 
    more likely MixNorm -0.509 -0.721 -0.235 -0.480 -0.517 -0.505 0.127 -0.503 -0.512 -0.529 -0.482 -0.492 
    missing) MixNChi -0.812 -0.888 -0.254 -0.774 -0.818 -0.816 -0.026 -0.812 -0.812 -0.621 -0.689 -0.771 
* There are about 20% missing values for missing mechanism 3. 
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5.2.3 Bias of variance estimates of population mean with five sets of imputations 
 
Five sets of imputations were created for the eight random imputation methods under study. 
Variance estimates based on the five sets of multiple imputations are obtained through Rubin’s 
multiple imputation theory:  
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where $θi  and $Vi  are the parameter estimate and variance estimate, respectively, based on i-th 
(i=1, …, m) set of imputations. The first term in (5.2) is called the within-imputation variability, 
and the second term is referred as the between-imputation variability. 
 
Tables 5.2.3.1–5.2.3.5 present the relative biases of variance estimates of population mean 
estimates. The relative biases are defined as in (5.1). Multiple imputation variance estimates are 
generally larger than single imputation variance estimates since multiple imputation adds the 
between-imputation variation.  
 
If the data are missing completely at random, all methods except PROC IMPUTE and 
Schafer’s software substantially overestimate the variances. For the combined data with about 
25 percent missing values, the random, mean with disturbance, ratio with disturbance, and 
adjusted data augmentation methods all overestimate the variance by 25 percent to 35 percent, 
while ABB and BB methods overestimate the variances by 35 percent to 55 percent. Even with 
a 10 percent missing rate, these methods overestimate the variances by more than 10 percent in 
most cases. It seems that the second term in (2.2) is too much to add to the variance estimates. 
The ABB and BB methods, which introduce more variation than the random method and are 
considered “proper” by Rubin (1987), seem to overestimate the variances most seriously. 
PROC IMPUTE provides the best variance estimates with this ideal missing mechanism 
although it is not “proper” according to Rubin’s definition. Its multiple imputation variance 
estimates can be considered unbiased. Schafer’s software is the second best and it slightly 
overestimates the variances. 
 
For unconfounded missing mechanisms (2) and (3) where the incomplete data underestimate the 
variances, the multiple imputation variance estimates corrected more negative biases than the 
single imputation variance estimates, as expected. PROC IMPUTE and Schafer’s software 
again have the best overall performance. All other methods except the ratio with disturbance 
method produce fine variance estimates. The ratio with disturbance method significantly 
overestimate the variances even for these two missing mechanisms when the incomplete data are 
more concentrated around the center than the population distribution. 
 
For the unconfounded missing mechanism (4) when center values are more likely missing and 
the incomplete data are more diversified than the population distribution, the relative 
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performances across the different imputation methods are similar to those for the ideal missing 
mechanism (1). PROC IMPUTE works best and provides approximately unbiased variance 
estimates, Schafer’s software is the second best and slightly overestimates the variances. Other 
methods all overestimate the variances; the ABB and BB methods are the worst in terms of bias 
of variance estimates. 
 
For confounded missing mechanism (5) when the incomplete data seriously underestimate the 
variance, the extra variation introduced by multiple imputation helps reduce the negative biases 
of single imputation variance estimates for all methods except the ratio with disturbance 
imputation method. The ratio with disturbance imputation method again overestimate the 
variances. Except for the mixed distribution of normal and Chi-square, PROC IMPUTE has the 
largest negative biases and the ABB and BB methods have the smallest biases, while all the 
other methods are close to the ABB and BB methods. For the mixed right-skewed distribution 
of normal and Chi-square, PROC IMPUTE has the smallest negative biases; however, all 
methods except the ratio with disturbance method still substantially underestimate the variances. 
 
In summary, the ratio with disturbance imputation method always overestimates the variances 
for all types of missing mechanisms when between-imputation variation is introduced via multiple 
imputations. For this method, the idea of multiple imputation is obviously inappropriate. PROC 
IMPUTE seems to have the least between-imputation variation and it provides approximately 
unbiased variance estimates for the MCAR and all unconfounded missing mechanisms. The 
ABB and BB methods introduce the most between-imputation variation and most seriously 
overestimate the variances for the MCAR and missing mechanism (4) when the incomplete data 
are more diversified than the true distribution. For these two types of missing mechanisms, 
multiple imputation variance estimates of all methods except PROC IMPUTE tend to 
overestimate the true variances. For the other missing mechanisms when the incomplete data are 
less diversified than the true distribution, introducing between-imputation variation can help 
reduce the negative biases of variance estimates except for the ratio with disturbance method. 
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Table 5.2.3.1—Relative bias of variance estimates with five sets of imputations (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.254 0.272  0.459 0.365 0.018 0.065 0.280 
 Dexp 0.327 0.323  0.458 0.449 0.021 0.087 0.327 
 MixNorm 0.283 0.303  0.400 0.348 -0.003 0.059 0.289 
 MixNChi 0.304 0.320  0.393 0.557 -0.010 0.069 0.324 
          
2. Unconfounded Normal 0.060 0.046 0.364 0.102 0.065 0.094 0.030 0.122 
   (tail values  Dexp -0.088 -0.086 0.343 -0.014 -0.059 0.000 0.016 0.010 
    more likely MixNorm -0.026 -0.017 0.359 0.024 -0.021 0.010 0.033 0.062 
    missing) MixNChi -0.291 -0.307 0.205 -0.290 -0.296 -0.082 0.022 -0.147 
          
3. Unconfounded Normal 0.069 0.064 0.164 0.083 0.047 0.038 0.035 0.086 
   (large values  Dexp 0.065 0.059 0.160 0.084 0.049 0.059 0.036 0.079 
     more likely MixNorm 0.062 0.059 0.177 0.067 0.057 0.053 0.040 0.079 
     missing) MixNChi 0.000 -0.016 0.173 0.004 -0.003 -0.050 0.022 0.018 
          
4. Unconfounded Normal 0.409 0.415 0.484 0.558 0.494 0.011 0.130 0.358 
   (Center values  Dexp 0.350 0.354 0.379 0.452 0.410 -0.006 0.113 0.306 
     more likely MixNorm 0.433 0.396 0.438 0.475 0.463 0.012 0.120 0.373 
     missing) MixNChi 0.569 0.477 0.482 0.752 0.571 -0.079 0.096 0.446 
          
5. Confounded Normal -0.055 -0.064 0.342 0.046 -0.009 -0.248 -0.093 -0.029 
   (tail values  Dexp -0.170 -0.172 0.326 -0.102 -0.093 -0.322 -0.187 -0.148 
    more likely MixNorm -0.156 -0.171 0.314 -0.021 -0.127 -0.328 -0.181 -0.126 
    missing) MixNChi -0.586 -0.584 0.105 -0.548 -0.561 -0.450 -0.491 -0.504 
* “Overall” means that the four missing rate categories are combined. Relative biases of variance estimates with five sets of imputations for each separate 
missing rate category are reported in tables 5.2.3.2 to 5.2.3.5. 
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Table 5.2.3.2—Relative bias of variance estimates with five sets of imputations with about 10% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.098 0.129  0.137 0.074 0.010 0.031 0.104 
 Dexp 0.104 0.127  0.133 0.083 -0.009 0.014 0.109 
 MixNorm 0.147 0.110  0.139 0.125 0.004 0.035 0.147 
 MixNChi 0.097 0.113  0.116 0.190 -0.009 0.051 0.134 
          
2. Unconfounded Normal 0.063 0.035 0.227 0.053 0.026 0.026 0.033 0.085 
   (tail values  Dexp -0.074 -0.069 0.163 -0.049 -0.084 -0.032 0.001 -0.045 
    more likely MixNorm -0.028 -0.040 0.209 -0.030 -0.054 0.001 0.025 0.008 
    missing) MixNChi -0.290 -0.328 0.172 -0.326 -0.324 -0.042 0.059 -0.207 
          
3. Unconfounded Normal 0.040 0.036 0.102 0.051 0.027 0.021 0.034 0.043 
   (large values  Dexp -0.002 0.012 0.086 0.002 0.009 -0.010 0.007 0.002 
     more likely MixNorm 0.013 0.006 0.095 0.014 0.001 0.002 0.008 0.019 
     missing) MixNChi 0.043 0.003 0.171 -0.023 0.026 0.000 0.070 0.028 
          
4. Unconfounded Normal 0.141 0.137 0.158 0.156 0.118 -0.017 0.025 0.141 
   (Center values  Dexp 0.157 0.149 0.149 0.163 0.145 0.009 0.051 0.146 
     more likely MixNorm 0.113 0.117 0.133 0.139 0.095 -0.030 0.025 0.112 
     missing) MixNChi 0.233 0.163 0.144 0.175 0.111 -0.076 -0.017 0.190 
          
5. Confounded Normal -0.033 -0.054 0.115 -0.015 -0.050 -0.121 -0.047 -0.018 
   (tail values  Dexp -0.081 -0.073 0.124 -0.073 -0.093 -0.163 -0.077 -0.072 
    more likely MixNorm -0.075 -0.050 0.075 -0.038 -0.071 -0.171 -0.100 -0.069 
    missing) MixNChi -0.397 -0.360 0.016 -0.368 -0.396 -0.257 -0.277 -0.366 
* There are about 5% missing values for missing mechanism 3. 
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Table 5.2.3.3—Relative bias of variance estimates with five sets of imputations with about 20% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.218 0.266  0.340 0.278 0.033 0.056 0.234 
 Dexp 0.316 0.285  0.317 0.265 0.016 0.093 0.320 
 MixNorm 0.204 0.234  0.221 0.207 -0.005 0.060 0.201 
 MixNChi 0.128 0.084  0.053 0.087 -0.002 -0.008 0.166 
          
2. Unconfounded Normal 0.008 0.026 0.318 0.023 0.023 0.019 0.014 0.066 
   (tail values  Dexp -0.044 -0.033 0.367 -0.005 -0.059 0.015 0.045 0.046 
    more likely MixNorm -0.026 0.051 0.368 0.063 -0.015 0.013 0.024 0.038 
    missing) MixNChi -0.233 -0.278 0.345 -0.227 -0.214 -0.089 0.094 -0.068 
          
3. Unconfounded Normal 0.026 0.024 0.134 0.024 0.011 0.002 0.007 0.043 
   (large values  Dexp 0.083 0.062 0.179 0.095 0.053 0.043 0.054 0.094 
     more likely MixNorm 0.018 0.031 0.164 0.013 0.009 0.023 0.028 0.035 
     missing) MixNChi -0.112 -0.143 0.054 -0.112 -0.114 -0.148 -0.057 -0.086 
          
4. Unconfounded Normal 0.374 0.323 0.399 0.431 0.343 0.013 0.114 0.339 
   (Center values  Dexp 0.283 0.300 0.326 0.346 0.264 0.012 0.112 0.260 
     more likely MixNorm 0.297 0.328 0.333 0.360 0.336 0.015 0.090 0.278 
     missing) MixNChi 0.290 0.311 0.281 0.422 0.352 -0.045 0.072 0.240 
          
5. Confounded Normal -0.009 -0.025 0.284 0.026 -0.046 -0.202 -0.072 0.014 
   (tail values  Dexp -0.083 -0.119 0.243 -0.036 -0.068 -0.230 -0.115 -0.068 
    more likely MixNorm -0.115 -0.087 0.285 -0.045 -0.144 -0.260 -0.104 -0.092 
    missing) MixNChi -0.602 -0.605 0.050 -0.569 -0.591 -0.492 -0.520 -0.517 
* There are about 10% missing values for missing mechanism 3. 
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Table 5.2.3.4—Relative bias of variance estimates with five sets of imputations with about 30% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.281 0.340  0.516 0.423 0.001 0.071 0.302 
 Dexp 0.367 0.361  0.642 0.512 0.039 0.101 0.363 
 MixNorm 0.358 0.394  0.537 0.329 -0.007 0.067 0.384 
 MixNChi 0.298 0.569  0.482 0.785 0.065 0.131 0.402 
          
2. Unconfounded Normal 0.076 0.036 0.408 0.158 0.054 0.121 0.037 0.167 
   (tail values  Dexp -0.094 -0.096 0.443 -0.010 -0.041 0.014 0.049 0.051 
    more likely MixNorm -0.026 -0.085 0.439 -0.009 -0.054 -0.012 0.037 0.108 
    missing) MixNChi -0.318 -0.326 0.216 -0.271 -0.340 -0.012 0.006 -0.131 
          
3. Unconfounded Normal 0.089 0.094 0.204 0.123 0.088 0.044 0.061 0.108 
   (large values  Dexp 0.067 0.070 0.189 0.092 0.053 0.114 0.048 0.082 
     more likely MixNorm 0.138 0.135 0.245 0.150 0.141 0.106 0.091 0.154 
     missing) MixNChi 0.005 -0.001 0.198 0.035 0.022 -0.032 0.023 0.043 
          
4. Unconfounded Normal 0.481 0.509 0.570 0.772 0.683 0.019 0.163 0.414 
   (Center values  Dexp 0.506 0.430 0.475 0.502 0.500 0.001 0.142 0.448 
     more likely MixNorm 0.648 0.491 0.651 0.589 0.515 0.057 0.208 0.553 
     missing) MixNChi 0.597 0.526 0.614 0.897 0.575 -0.143 0.033 0.430 
          
5. Confounded Normal -0.089 -0.082 0.375 0.115 -0.016 -0.287 -0.119 -0.048 
   (tail values  Dexp -0.172 -0.205 0.402 -0.113 -0.093 -0.374 -0.211 -0.146 
    more likely MixNorm -0.237 -0.255 0.419 -0.038 -0.139 -0.405 -0.222 -0.216 
    missing) MixNChi -0.627 -0.643 0.111 -0.587 -0.598 -0.459 -0.549 -0.541 
* There are about 15% missing values for missing mechanism 3. 



 73

Table 5.2.3.5—Relative bias of variance estimates with five sets of imputations with about 40% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.418 0.353  0.844 0.683 0.026 0.102 0.481 
 Dexp 0.520 0.519  0.741 0.938 0.037 0.141 0.515 
 MixNorm 0.421 0.475  0.703 0.731 -0.006 0.073 0.426 
 MixNChi 0.691 0.515  0.920 1.167 -0.094 0.103 0.592 
          
2. Unconfounded Normal 0.094 0.088 0.503 0.171 0.155 0.208 0.034 0.170 
   (tail values  Dexp -0.142 -0.146 0.401 0.008 -0.053 0.005 -0.032 -0.015 
    more likely MixNorm -0.023 0.009 0.418 0.074 0.040 0.039 0.048 0.093 
    missing) MixNChi -0.323 -0.297 0.088 -0.336 -0.308 -0.187 -0.071 -0.182 
          
3. Unconfounded Normal 0.119 0.104 0.215 0.133 0.063 0.086 0.037 0.148 
   (large values  Dexp 0.112 0.090 0.185 0.147 0.081 0.091 0.036 0.138 
     more likely MixNorm 0.081 0.062 0.203 0.092 0.077 0.081 0.032 0.110 
     missing) MixNChi 0.063 0.077 0.268 0.116 0.053 -0.018 0.053 0.087 
          
4. Unconfounded Normal 0.641 0.692 0.810 0.871 0.833 0.029 0.218 0.538 
   (Center values  Dexp 0.451 0.537 0.567 0.798 0.732 -0.043 0.148 0.370 
     more likely MixNorm 0.675 0.650 0.633 0.811 0.907 0.008 0.156 0.548 
     missing) MixNChi 1.155 0.906 0.889 1.515 1.247 -0.052 0.294 0.926 
          
5. Confounded Normal -0.089 -0.093 0.596 0.060 0.076 -0.383 -0.135 -0.063 
   (tail values  Dexp -0.346 -0.291 0.533 -0.187 -0.119 -0.518 -0.347 -0.306 
    more likely MixNorm -0.197 -0.292 0.477 0.036 -0.157 -0.475 -0.299 -0.126 
    missing) MixNChi -0.718 -0.728 0.241 -0.668 -0.657 -0.592 -0.618 -0.592 

* There are about 20% missing values for missing mechanism 3.
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5.2.4 Coverage rates 
 
The coverage rate is defined as the ratio of the number of simulation replications in which the 
confidence interval estimates cover the true value to the total number of simulation replications. 
Tables 5.2.4.1–5.2.4.5 report the coverage rates of the 95 percent confidence interval 
estimates covering the true means for the combined missing category and separate missing 
categories, respectively.  
 
Schafer’s software obviously has the best coverage rates. It has almost perfect rates across the 
five missing mechanisms for all missing rate categories. The adjusted data augmentation method 
also has almost perfect coverage rates for all missing rate categories and all missing mechanisms 
except mechanism (3). This method has fairly low coverage rates for this missing mechanism 
when missing rates are higher than 20 percent. The reason is that this method substantially 
underestimated the true mean for this missing mechanism. It seems that imputation methods 
based on Bayesian theory give better coverage rates under similar conditions, which concurs 
with Rubin’s point of view.  
 
Ratio and ratio with disturbance imputation methods have great coverage rates for missing 
mechanisms (2), (3), and (5) when tail values or large values are missing at higher probabilities. 
Although the two methods are not as good for missing mechanism (4) when the incomplete data 
are more diversified than the true distribution, they are still acceptable when missing rates are 
lower than 30 percent. With 40 percent missing values, the coverage rates of the two ratio 
imputation methods are moderately low (from 78 percent for mixed distribution of normal and 
Chi-square and 90 percent for the normal distribution). This is because the two methods 
significantly overestimate the mean for this missing mechanism, as shown in our bias analyses. 
 
PROC IMPUTE has very good coverage rates except for missing mechanism (5). Some rates 
are low for mechanism (5) when missing rates are higher than 25 percent. The sequential hot 
deck method is significantly worse than PROC IMPUTE in terms of coverage rates, but it is 
better than the other methods which do not use any auxiliary information, especially for missing 
mechanism (3). Not much difference has been found among the mean imputation, random 
imputation, mean with disturbance imputation, ABB, and BB methods. The coverage rates of 
these methods are too low, especially for missing mechanisms (3) and (5), when missing rates 
are higher than 20 percent.  
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Table 5.2.4.1—Coverage rates with single imputation (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 89.0% 84.5%  93.5% 87.5% 86.5%  85.5% 85.5% 92.0% 96.0% 93.5% 
 Dexp 92.0% 85.0%  87.5% 88.5% 88.0%  84.5% 86.0% 93.0% 94.5% 94.5% 
 MixNorm 89.5% 85.0%  91.5% 89.5% 85.0%  84.0% 87.0% 93.0% 95.0% 95.5% 
 MixNChi 89.5% 84.0%  87.0% 88.5% 87.5%  86.5% 86.0% 92.5% 94.5% 95.5% 
              
2. Unconfounded Normal 94.0% 89.5% 96.5% 92.0% 92.0% 89.0% 95.0% 96.0% 93.0% 93.5% 96.5% 96.5% 
   (tail values  Dexp 95.5% 94.0% 96.5% 88.5% 92.0% 93.5% 96.5% 91.5% 94.5% 96.0% 97.0% 97.0% 
    more likely MixNorm 89.5% 84.5% 94.5% 85.5% 87.5% 88.0% 96.0% 84.5% 87.0% 94.0% 95.0% 92.5% 
    missing) MixNChi 90.5% 87.5% 94.0% 88.5% 90.0% 89.0% 93.5% 88.5% 91.0% 90.5% 93.5% 97.0% 
              
3. Unconfounded Normal 83.5% 80.5% 94.5% 93.5% 81.5% 79.5% 94.5% 81.0% 81.5% 95.0% 96.5% 87.0% 
   (large values  Dexp 83.5% 82.0% 94.5% 92.0% 80.5% 81.0% 93.0% 80.5% 82.5% 92.0% 94.0% 85.5% 
     more likely MixNorm 79.5% 76.0% 92.0% 91.0% 80.0% 77.0% 93.5% 80.0% 76.5% 93.0% 94.0% 82.5% 
     missing) MixNChi 83.5% 82.0% 93.0% 91.5% 83.0% 84.0% 94.0% 83.5% 81.5% 93.5% 96.5% 89.0% 
              
4. Unconfounded Normal 92.5% 88.0% 91.5% 88.5% 90.5% 89.0% 91.5% 89.0% 90.5% 94.0% 97.0% 96.5% 
   (Center values  Dexp 93.5% 88.5% 91.0% 86.0% 90.0% 90.0% 93.5% 89.5% 90.5% 90.0% 93.5% 95.0% 
     more likely MixNorm 92.0% 88.5% 92.0% 85.5% 88.5% 87.0% 93.5% 88.0% 89.0% 90.0% 96.5% 96.5% 
     missing) MixNChi 90.0% 86.0% 89.5% 88.0% 89.0% 86.5% 87.0% 87.5% 91.0% 92.0% 94.0% 95.5% 
              
5. Confounded Normal 92.5% 87.0% 95.0% 89.0% 91.5% 87.5% 92.5% 90.0% 86.0% 91.0% 95.5% 96.0% 
   (tail values  Dexp 90.0% 84.0% 96.0% 91.0% 89.0% 84.5% 94.0% 87.5% 88.0% 88.5% 95.5% 98.0% 
    more likely MixNorm 91.5% 84.5% 95.5% 85.0% 88.5% 88.0% 95.5% 85.0% 86.0% 84.0% 94.5% 96.0% 
    missing) MixNChi 81.5% 74.5% 96.0% 81.0% 75.0% 81.0% 95.0% 74.0% 77.0% 85.0% 95.0% 90.5% 
* “Overall” means that the four missing rate categories are combined. Coverage rates for each separate missing rate category are reported in tables 5.2.4.1 to 
5.2.4.5. 
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Table 5.2.4.2—Coverage rates with single imputation with about 10% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 92.0% 92.0%  94.0% 88.0% 92.0%  92.0% 90.0% 92.0% 94.0% 92.0% 
 Dexp 96.0% 96.0%  96.0% 94.0% 94.0%  92.0% 94.0% 96.0% 96.0% 98.0% 
 MixNorm 92.0% 90.0%  94.0% 92.0% 92.0%  88.0% 90.0% 94.0% 96.0% 98.0% 
 MixNChi 96.0% 92.0%  92.0% 92.0% 94.0%  92.0% 96.0% 92.0% 90.0% 94.0% 
              
2. Unconfounded Normal 92.0% 90.0% 94.0% 92.0% 94.0% 94.0% 94.0% 98.0% 92.0% 92.0% 94.0% 96.0% 
   (tail values  Dexp 98.0% 98.0% 96.0% 100% 88.0% 94.0% 98.0% 96.0% 98.0% 96.0% 98.0% 92.0% 
    more likely MixNorm 88.0% 84.0% 94.0% 86.0% 90.0% 86.0% 98.0% 80.0% 88.0% 90.0% 96.0% 90.0% 
    missing) MixNChi 92.0% 90.0% 92.0% 90.0% 92.0% 94.0% 92.0% 90.0% 98.0% 92.0% 94.0% 96.0% 
              
3. Unconfounded Normal 94.0% 94.0% 96.0% 98.0% 94.0% 94.0% 96.0% 92.0% 92.0% 94.0% 96.0% 94.0% 
   (large values  Dexp 92.0% 90.0% 96.0% 94.0% 88.0% 88.0% 96.0% 92.0% 90.0% 94.0% 96.0% 92.0% 
     more likely MixNorm 92.0% 92.0% 94.0% 96.0% 94.0% 92.0% 96.0% 92.0% 92.0% 96.0% 96.0% 96.0% 
     missing) MixNChi 90.0% 86.0% 96.0% 96.0% 90.0% 88.0% 96.0% 88.0% 86.0% 94.0% 96.0% 94.0% 
              
4. Unconfounded Normal 96.0% 96.0% 98.0% 96.0% 96.0% 96.0% 96.0% 96.0% 94.0% 98.0% 98.0% 98.0% 
   (Center values  Dexp 100% 100% 100% 98.0% 100% 94.0% 100% 100% 100% 100% 100% 100% 
     more likely MixNorm 94.0% 94.0% 96.0% 94.0% 92.0% 90.0% 94.0% 90.0% 96.0% 94.0% 94.0% 96.0% 
     missing) MixNChi 92.0% 90.0% 94.0% 90.0% 90.0% 90.0% 90.0% 90.0% 92.0% 94.0% 94.0% 94.0% 
              
5. Confounded Normal 92.0% 88.0% 92.0% 92.0% 88.0% 92.0% 92.0% 92.0% 88.0% 90.0% 92.0% 88.0% 
   (tail values  Dexp 92.0% 90.0% 92.0% 92.0% 92.0% 86.0% 92.0% 92.0% 90.0% 92.0% 92.0% 96.0% 
    more likely MixNorm 94.0% 94.0% 98.0% 96.0% 96.0% 94.0% 98.0% 92.0% 92.0% 98.0% 96.0% 96.0% 
    missing) MixNChi 88.0% 86.0% 98.0% 92.0% 90.0% 88.0% 98.0% 88.0% 86.0% 92.0% 96.0% 92.0% 
* There are about 5% missing values for missing mechanism 3. 



 77

Table 5.2.4.3—Coverage rates with single imputation with about 20% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 88.0% 86.0%  98.0% 90.0% 86.0%  88.0% 86.0% 92.0% 94.0% 96.0% 
 Dexp 90.0% 86.0%  88.0% 90.0% 88.0%  86.0% 88.0% 92.0% 90.0% 92.0% 
 MixNorm 96.0% 88.0%  96.0% 94.0% 88.0%  88.0% 88.0% 96.0% 98.0% 96.0% 
 MixNChi 98.0% 94.0%  98.0% 98.0% 92.0%  98.0% 94.0% 100% 100% 98.0% 
              
2. Unconfounded Normal 98.0% 96.0% 98.0% 94.0% 96.0% 94.0% 98.0% 94.0% 96.0% 98.0% 96.0% 100% 
   (tail values  Dexp 94.0% 94.0% 94.0% 92.0% 94.0% 94.0% 94.0% 90.0% 94.0% 92.0% 94.0% 96.0% 
    more likely MixNorm 98.0% 96.0% 98.0% 94.0% 96.0% 98.0% 98.0% 96.0% 96.0% 98.0% 96.0% 96.0% 
    missing) MixNChi 94.0% 90.0% 100% 84.0% 92.0% 92.0% 100.0% 94.0% 92.0% 96.0% 98.0% 96.0% 
              
3. Unconfounded Normal 94.0% 94.0% 98.0% 98.0% 92.0% 84.0% 98.0% 92.0% 90.0% 98.0% 98.0% 96.0% 
   (large values  Dexp 82.0% 82.0% 92.0% 86.0% 82.0% 80.0% 90.0% 80.0% 84.0% 88.0% 88.0% 84.0% 
     more likely MixNorm 82.0% 78.0% 94.0% 96.0% 80.0% 76.0% 94.0% 84.0% 78.0% 96.0% 96.0% 82.0% 
     missing) MixNChi 84.0% 84.0% 94.0% 94.0% 88.0% 88.0% 98.0% 88.0% 86.0% 94.0% 100.0% 92.0% 
              
4. Unconfounded Normal 92.0% 90.0% 92.0% 88.0% 88.0% 94.0% 94.0% 92.0% 92.0% 92.0% 96.0% 96.0% 
   (Center values  Dexp 90.0% 86.0% 88.0% 86.0% 84.0% 88.0% 90.0% 88.0% 86.0% 88.0% 94.0% 90.0% 
     more likely MixNorm 92.0% 92.0% 96.0% 94.0% 88.0% 92.0% 98.0% 90.0% 92.0% 94.0% 98.0% 98.0% 
     missing) MixNChi 88.0% 88.0% 94.0% 88.0% 90.0% 88.0% 92.0% 92.0% 90.0% 88.0% 96.0% 96.0% 
              
5. Confounded Normal 98.0% 92.0% 98.0% 92.0% 96.0% 90.0% 94.0% 90.0% 92.0% 96.0% 98.0% 100% 
   (tail values  Dexp 98.0% 94.0% 98.0% 90.0% 96.0% 96.0% 94.0% 98.0% 94.0% 92.0% 96.0% 100% 
    more likely MixNorm 100% 96.0% 98.0% 88.0% 100% 94.0% 96.0% 92.0% 98.0% 90.0% 98.0% 100% 
    missing) MixNChi 82.0% 76.0% 94.0% 78.0% 72.0% 82.0% 94.0% 72.0% 80.0% 86.0% 96.0% 88.0% 
* There are about 10% missing values for missing mechanism 3. 
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Table 5.2.4.4—Coverage rates with single imputation with about 30% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 84.0% 80.0%  88.0% 86.0% 80.0%  82.0% 86.0% 96.0% 98.0% 94.0% 
 Dexp 88.0% 74.0%  84.0% 84.0% 84.0%  78.0% 82.0% 88.0% 96.0% 92.0% 
 MixNorm 80.0% 76.0%  86.0% 82.0% 74.0%  76.0% 90.0% 88.0% 92.0% 90.0% 
 MixNChi 86.0% 82.0%  82.0% 78.0% 80.0%  82.0% 84.0% 88.0% 94.0% 96.0% 
              
2. Unconfounded Normal 96.0% 90.0% 98.0% 96.0% 92.0% 86.0% 98.0% 98.0% 94.0% 94.0% 98.0% 96.0% 
   (tail values  Dexp 98.0% 98.0% 100% 88.0% 96.0% 96.0% 98.0% 94.0% 98.0% 98.0% 98.0% 100% 
    more likely MixNorm 90.0% 82.0% 94.0% 90.0% 84.0% 88.0% 94.0% 86.0% 86.0% 90.0% 94.0% 90.0% 
    missing) MixNChi 86.0% 84.0% 88.0% 94.0% 90.0% 84.0% 90.0% 86.0% 86.0% 84.0% 86.0% 100% 
              
3. Unconfounded Normal 82.0% 80.0% 90.0% 90.0% 82.0% 80.0% 92.0% 82.0% 80.0% 94.0% 96.0% 84.0% 
   (large values  Dexp 84.0% 82.0% 94.0% 92.0% 80.0% 82.0% 96.0% 84.0% 82.0% 94.0% 96.0% 84.0% 
     more likely MixNorm 74.0% 70.0% 84.0% 80.0% 72.0% 68.0% 88.0% 72.0% 68.0% 88.0% 90.0% 74.0% 
     missing) MixNChi 82.0% 82.0% 88.0% 84.0% 78.0% 82.0% 88.0% 82.0% 82.0% 92.0% 92.0% 84.0% 
              
4. Unconfounded Normal 92.0% 82.0% 90.0% 90.0% 88.0% 84.0% 88.0% 86.0% 88.0% 96.0% 100.0% 96.0% 
   (Center values  Dexp 90.0% 86.0% 86.0% 84.0% 88.0% 92.0% 92.0% 86.0% 92.0% 88.0% 88.0% 94.0% 
     more likely MixNorm 90.0% 82.0% 90.0% 74.0% 84.0% 80.0% 94.0% 86.0% 84.0% 94.0% 94.0% 94.0% 
     missing) MixNChi 92.0% 88.0% 92.0% 92.0% 90.0% 86.0% 86.0% 84.0% 92.0% 94.0% 90.0% 94.0% 
              
5. Confounded Normal 90.0% 88.0% 92.0% 82.0% 90.0% 84.0% 90.0% 90.0% 84.0% 88.0% 96.0% 96.0% 
   (tail values  Dexp 86.0% 80.0% 96.0% 92.0% 86.0% 84.0% 92.0% 82.0% 88.0% 86.0% 96.0% 96.0% 
    more likely MixNorm 86.0% 76.0% 96.0% 76.0% 80.0% 82.0% 96.0% 76.0% 74.0% 70.0% 88.0% 92.0% 
    missing) MixNChi 78.0% 74.0% 94.0% 80.0% 72.0% 80.0% 92.0% 70.0% 68.0% 86.0% 94.0% 92.0% 
* There are about 15% missing values for missing mechanism 3. 
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Table 5.2.4.5—Coverage rates with single imputation with about 40% missing values * 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 92.0% 80.0%  94.0% 86.0% 88.0%  80.0% 80.0% 88.0% 98.0% 92.0% 
 Dexp 94.0% 84.0%  82.0% 86.0% 86.0%  82.0% 80.0% 96.0% 96.0% 96.0% 
 MixNorm 90.0% 86.0%  90.0% 90.0% 86.0%  84.0% 80.0% 94.0% 94.0% 98.0% 
 MixNChi 78.0% 68.0%  76.0% 86.0% 84.0%  74.0% 70.0% 90.0% 94.0% 94.0% 
              
2. Unconfounded Normal 90.0% 82.0% 96.0% 86.0% 86.0% 82.0% 90.0% 94.0% 90.0% 90.0% 98.0% 94.0% 
   (tail values  Dexp 92.0% 86.0% 96.0% 74.0% 90.0% 90.0% 96.0% 86.0% 88.0% 98.0% 98.0% 100% 
    more likely MixNorm 82.0% 76.0% 92.0% 72.0% 80.0% 80.0% 94.0% 76.0% 78.0% 98.0% 94.0% 94.0% 
    missing) MixNChi 90.0% 86.0% 96.0% 86.0% 86.0% 86.0% 92.0% 84.0% 88.0% 90.0% 96.0% 96.0% 
              
3. Unconfounded Normal 64.0% 54.0% 94.0% 88.0% 58.0% 60.0% 92.0% 58.0% 64.0% 94.0% 96.0% 74.0% 
   (large values  Dexp 76.0% 74.0% 96.0% 96.0% 72.0% 74.0% 90.0% 66.0% 74.0% 92.0% 96.0% 82.0% 
     more likely MixNorm 70.0% 64.0% 96.0% 92.0% 74.0% 72.0% 96.0% 72.0% 68.0% 92.0% 94.0% 78.0% 
     missing) MixNChi 78.0% 76.0% 94.0% 92.0% 76.0% 78.0% 94.0% 76.0% 72.0% 94.0% 98.0% 86.0% 
              
4. Unconfounded Normal 90.0% 84.0% 86.0% 80.0% 90.0% 82.0% 88.0% 82.0% 88.0% 90.0% 94.0% 96.0% 
   (Center values  Dexp 94.0% 82.0% 90.0% 76.0% 88.0% 86.0% 92.0% 84.0% 84.0% 84.0% 92.0% 96.0% 
     more likely MixNorm 92.0% 86.0% 86.0% 80.0% 90.0% 86.0% 88.0% 86.0% 84.0% 78.0% 100.0% 98.0% 
     missing) MixNChi 88.0% 78.0% 78.0% 82.0% 86.0% 82.0% 80.0% 84.0% 90.0% 92.0% 96.0% 98.0% 
              
5. Confounded Normal 90.0% 80.0% 98.0% 90.0% 92.0% 84.0% 94.0% 88.0% 80.0% 90.0% 96.0% 100% 
   (tail values  Dexp 84.0% 72.0% 98.0% 90.0% 82.0% 72.0% 98.0% 78.0% 80.0% 84.0% 98.0% 100% 
    more likely MixNorm 86.0% 72.0% 90.0% 80.0% 78.0% 82.0% 92.0% 80.0% 80.0% 78.0% 96.0% 96.0% 
    missing) MixNChi 78.0% 62.0% 98.0% 74.0% 66.0% 74.0% 96.0% 66.0% 74.0% 76.0% 94.0% 90.0% 
* There are about 20% missing values for missing mechanism 3. 



 80

5.2.5 Confidence interval width 
 
A 95 percent confidence interval width was obtained via the distribution of the 200 mean 
estimates based on the 200 simulation replications. The lower confidence limit was equal to the 
average of the fifth and sixth smallest estimates, and the upper confidence limit was equal to the 
average of the fifth and sixth largest estimates. Shorter confidence interval alone does not 
necessarily imply a better method. A method which provides shorter confidence intervals with 
higher coverage rates is generally preferred because the method is more likely to provide more 
concentrated point estimates around the true values. 
 
Table 5.2.5.1 presents the confidence interval widths for the estimates based on the complete 
data and the data imputed by the 11 imputation methods. For missing mechanisms (2), (3), and 
(5), tail values or large values are more likely missing and the incomplete data are less diversified 
than the true distribution, and so are the imputed data. Therefore, the estimates based on the 
imputed data tend to have less variation than the complete data, and consequently the 
confidence intervals tend to be too short. This tendency can especially be seen in missing 
mechanism (5). The readers may need to compare the methods in terms of confidence interval 
widths along with the biases of variance estimates discussed in section 5.2.2 and coverage rates 
described in section 5.2.4. 
 
On the other hand, for missing mechanism (4), the incomplete data are more diversified than the 
complete data, and therefore the estimates based on the imputed data tend to have more 
variation. Consequently, the confidence intervals based on the imputed data tend to be too 
wide.  
 
Overall, Schafer’s software and the adjusted data augmentation method have the shortest 
confidence intervals across the five missing mechanism. We also found in the preceding section 
that these two methods also gave the best coverage rates except for missing mechanism (3) with 
the adjusted data augmentation method. Therefore, the two methods are least likely to provide 
bad estimates. The other methods seem not to have substantial advantage over each other in 
terms of confidence interval width. 
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Table 5.2.5.1—Confidence interval width with single imputation (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Comp. 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 0.375 0.453  0.417 0.496 0.518  0.491 0.488 0.466 0.390 0.393 
 Dexp 0.564 0.629  0.689 0.610 0.713  0.681 0.685 0.598 0.557 0.497 
 MixNorm 0.429 0.494  0.532 0.598 0.618  0.634 0.585 0.478 0.428 0.481 
 MixNChi 0.797 1.015  1.504 1.179 1.094  1.134 1.289 0.847 0.841 0.959 
              
2. Unconfounded Normal 0.369 0.383 0.374 0.441 0.425 0.419 0.415 0.355 0.402 0.437 0.364 0.358 
   (tail values  Dexp 0.513 0.463 0.545 0.635 0.494 0.490 0.550 0.495 0.472 0.530 0.496 0.444 
    more likely MixNorm 0.425 0.481 0.459 0.618 0.515 0.507 0.515 0.544 0.538 0.465 0.447 0.444 
    missing) MixNChi 0.884 0.658 0.878 1.122 0.801 0.729 0.953 0.720 0.766 0.834 0.878 0.722 
              
3. Unconfounded Normal 0.362 0.434 0.394 0.423 0.477 0.447 0.448 0.446 0.431 0.395 0.377 0.422 
   (large values  Dexp 0.543 0.567 0.572 0.550 0.589 0.545 0.571 0.663 0.588 0.643 0.562 0.546 
     more likely MixNorm 0.483 0.527 0.532 0.493 0.525 0.550 0.543 0.567 0.510 0.519 0.488 0.465 
     missing) MixNChi 0.846 0.781 0.866 0.805 0.877 0.848 0.870 0.832 0.846 0.895 0.770 0.825 
              
4. Unconfounded Normal 0.376 0.443 0.402 0.519 0.507 0.499 0.438 0.549 0.517 0.408 0.360 0.377 
   (Center values  Dexp 0.521 0.707 0.632 0.762 0.727 0.720 0.616 0.688 0.783 0.584 0.582 0.562 
     more likely MixNorm 0.472 0.554 0.496 0.617 0.612 0.600 0.523 0.601 0.622 0.564 0.436 0.474 
     missing) MixNChi 0.893 1.118 0.997 1.130 1.114 1.310 1.123 1.324 1.026 0.974 0.919 0.936 
              
5. Confounded Normal 0.411 0.379 0.361 0.395 0.377 0.407 0.441 0.418 0.424 0.355 0.312 0.283 
   (tail values  Dexp 0.559 0.460 0.469 0.552 0.501 0.495 0.565 0.483 0.547 0.547 0.446 0.381 
    more likely MixNorm 0.468 0.432 0.388 0.512 0.436 0.473 0.450 0.529 0.492 0.429 0.376 0.353 
    missing) MixNChi 0.765 0.627 0.677 0.678 0.685 0.658 0.769 0.698 0.637 0.773 0.622 0.578 
* “Overall” means that the four missing rate categories are combined.  
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5.2.6 Bias of quartile estimates  
 
We obtained estimates of median and the first and third quartiles for all imputed data to 
investigate how imputation affects the data distribution. Tables 5.2.6.1–5.2.6.3 give the biases 
of the first quartile, the third quartile, and the median estimates, respectively, for the combined 
missing rate categories. 
 
The mean imputation method is obviously the worst in terms of quartile estimates across all five 
missing mechanisms. The data are centralized so that the first quartiles are substantially 
overestimated, while the third quartiles are substantially underestimated. The median estimates 
are pretty much similar to those of the incomplete data. The only exceptions are the first quartile 
estimates for missing mechanism (3) in which the positive biases are very small. This is because 
both missing values created via missing mechanism (3) and the means imputed for the missing 
values are larger than the first quartiles so that the first quartile estimates based on the imputed 
data are very close to those based on the complete data. We will not include this method for 
discussion in this section.  
 
For the MCAR missing mechanism, all methods except the mean and the mean with disturbance 
imputation methods give fine estimates for all the quartiles. The mean with disturbance 
imputation method gives fine estimates for the normal and the contaminated normal distributions, 
but it has significantly larger negative biases of the first quartile estimates and significantly larger 
positive biases of the third quartile estimates for the double exponential distribution and the 
mixed distribution of normal and Chi-square. This implies that the disturbance drawn from 
N sobs( , )0 2  diversified the true data, where sobs

2  is calculated from the observed data from the 
double exponential distribution or the mixed distribution of normal and Chi-square.  
 
For unconfounded missing mechanism (2), since the incomplete data are less diversified than the 
true distributions, the first quartiles are overestimated while the third quartiles are 
underestimated. Five methods—Schafer’s software, PROC IMPUTE, hot deck, ratio and ratio 
with disturbance imputation—all substantially reduce the biases of the first and third quartile 
estimates compared to the incomplete data. The adjusted data augmentation method has slight 
improvement for the third quartile estimates, but no improvement for the biases of the first 
quartile estimates. The random, mean with disturbance, ABB, and BB imputation methods do 
not improve the first and second quartile estimates compared to the incomplete data. For this 
missing mechanism, all methods provide fine median estimates because values are missing 
symmetrically at both tails.  
 
For unconfounded missing mechanism (3), since the incomplete data are less diversified than the 
true distributions, the first quartiles are overestimated while the third quartiles are underestimated 
by the incomplete data. Similar results to those for mechanism (2) have been found for the first 
and third quartile estimates. The biases of these quartile estimates based on the data imputed by 
Schafer’s software, ratio imputation, ratio with disturbance imputation, PROC IMPUTE, and 
hot deck are at least twice smaller than those based on the incomplete data. Among these five 
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methods, hot deck is obviously worse than Schafer’s software, PROC IMPUTE, and the ratio 
imputation method. All other methods except the mean imputation method have some 
improvement over the incomplete data but it is not substantial. For this missing mechanism, the 
medians are underestimated by the incomplete data. Schafer’s software and PROC IMPUTE 
reduce the negative biases by 4 to 50 times, while hot deck, ratio imputation, ratio with 
disturbance imputation reduce the negative biases by 2 to 10 times. All other methods reduce 
the biases of the incomplete data median estimates slightly. 
 
For unconfounded missing mechanism (4), since the incomplete data are more diversified than 
the true distribution, the first quartiles are underestimated while the third quartiles are 
overestimated by the incomplete data. The hot deck method has the best overall performance in 
terms of biases of quartile estimates, followed by PROC IMPUTE and Schafer’s software. 
Among these three methods, Schafer’s software is best for normal distribution, but much worse 
than hot deck and PROC IMPUTE for the mixed distribution of normal and Chi-square. The 
other methods do not improve the biases over the incomplete data. Although the ratio 
imputation method shrinks the diversified incomplete data, the imputed data are shrunk too 
much so that they have less variation than the true distribution. The magnitudes of the biases of 
the first quartile estimates are larger than those of the incomplete data, but it is the other way 
around for the third quartile estimates. On the other hand, the random imputation, ABB, BB, 
and adjusted data augmentation methods have slightly better first quartile estimates but slightly 
worse third quartile estimates in terms of bias. All methods except ratio imputation and ratio 
with disturbance imputation provide as good median estimates as the incomplete data. Ratio 
imputation and ratio with disturbance imputation worsen the median estimates compared to the 
incomplete data. 
 
For confounded missing mechanism (5), since the incomplete data are less diversified than the 
true distributions, the first quartiles are overestimated while the third quartiles are underestimated 
by the incomplete data. The ratio with disturbance imputation method obviously has the best 
performance and reduces the biases of the incomplete quartile estimates by two to six times. 
Ratio imputation and Schafer’s software also improve the quartile estimates over the incomplete 
data. The other methods slightly worsen the first quartile estimates while slightly improving the 
third quartile estimates. All methods give fine median estimates with this missing mechanism. 
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Table 5.2.6.1—Biases of the first quartile estimates (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal -0.020 0.251  0.038 -0.001 -0.006  0.007 -0.004 -0.016 -0.013 0.001 
 Dexp -0.022 0.289  0.028 -0.004 -0.062  -0.004 -0.010 0.004 -0.045 -0.007 
 MixNorm -0.015 0.271  0.033 -0.003 -0.012  0.007 0.004 0.004 -0.015 -0.011 
 MixNChi -0.019 0.290  0.044 -0.003 -0.084  0.002 0.008 0.049 -0.058 -0.027 
              
2. Unconfounded Normal 0.054 0.221 -0.027 -0.014 0.066 0.066 -0.019 0.068 0.056 -0.034 -0.003 0.054 
   (tail values  Dexp 0.079 0.272 -0.017 0.003 0.094 0.074 -0.015 0.092 0.092 -0.001 -0.002 0.076 
    more likely MixNorm 0.058 0.247 -0.015 -0.003 0.071 0.061 -0.004 0.072 0.072 -0.004 -0.001 0.059 
    missing) MixNChi 0.064 0.245 -0.018 0.022 0.082 0.033 -0.016 0.076 0.086 0.021 0.003 0.047 
              
3. Unconfounded Normal -0.082 0.005 0.005 -0.008 -0.066 -0.073 -0.021 -0.068 -0.074 0.001 0.000 -0.060 
   (large values  Dexp -0.096 0.015 0.015 -0.013 -0.080 -0.097 -0.018 -0.084 -0.077 0.006 0.003 -0.073 
     more likely MixNorm -0.096 0.008 0.008 -0.009 -0.088 -0.085 -0.022 -0.083 -0.079 0.002 0.001 -0.082 
     missing) MixNChi -0.103 0.009 0.009 -0.020 -0.087 -0.123 -0.051 -0.085 -0.086 -0.011 -0.022 -0.084 
              
4. Unconfounded Normal -0.061 0.209 0.123 0.008 -0.039 -0.038 -0.031 -0.044 -0.046 0.036 0.001 -0.033 
   (Center values  Dexp -0.113 0.173 0.118 -0.024 -0.091 -0.099 -0.082 -0.083 -0.092 0.017 -0.032 -0.085 
     more likely MixNorm -0.075 0.193 0.111 0.006 -0.064 -0.065 -0.062 -0.061 -0.056 0.023 -0.024 -0.056 
     missing) MixNChi -0.146 0.238 0.138 -0.014 -0.118 -0.207 -0.197 -0.121 -0.121 0.049 -0.137 -0.112 
              
5. Confounded Normal 0.111 0.331 0.096 0.120 0.131 0.116 0.045 0.115 0.123 0.142 0.111 0.121 
   (tail values  Dexp 0.175 0.463 0.143 0.173 0.201 0.177 0.061 0.190 0.189 0.203 0.153 0.191 
    more likely MixNorm 0.129 0.388 0.096 0.137 0.140 0.127 0.033 0.146 0.150 0.157 0.103 0.135 
    missing) MixNChi 0.173 0.467 0.124 0.189 0.206 0.162 0.021 0.192 0.197 0.135 0.143 0.172 
* “Overall” means that the four missing rate categories are combined. The results for each separate missing rate category are reported in tables 5.2.6.2 to 5.2.6.3. 
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Table 5.2.6.2—Biases of the third quartile estimates (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Incomp 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal -0.023 -0.273  -0.008 -0.010 -0.019  -0.004 -0.011 0.012 -0.005 -0.007 
 Dexp -0.016 -0.287  -0.018 0.014 0.063  0.003 -0.001 -0.002 0.043 0.023 
 MixNorm -0.017 -0.274  -0.013 -0.006 0.021  -0.002 -0.011 -0.018 0.004 -0.001 
 MixNChi -0.010 -0.254  -0.001 0.013 0.109  0.014 0.019 0.008 0.061 0.058 
              
2. Unconfounded Normal -0.066 -0.207 0.015 -0.005 -0.050 -0.055 0.000 -0.054 -0.047 0.018 0.002 -0.043 
   (tail values  Dexp -0.109 -0.265 0.011 0.001 -0.090 -0.072 0.006 -0.089 -0.093 -0.006 -0.005 -0.071 
    more likely MixNorm -0.070 -0.222 0.017 0.012 -0.061 -0.050 0.020 -0.065 -0.057 0.007 -0.004 -0.045 
    missing) MixNChi -0.081 -0.223 -0.004 0.023 -0.068 -0.018 0.007 -0.062 -0.068 -0.033 -0.005 -0.028 
              
3. Unconfounded Normal -0.130 -0.193 0.003 -0.027 -0.119 -0.115 -0.003 -0.119 -0.118 0.017 0.004 -0.105 
   (large values  Dexp -0.174 -0.262 -0.007 -0.031 -0.157 -0.145 -0.010 -0.158 -0.156 0.024 0.001 -0.140 
     more likely MixNorm -0.146 -0.219 -0.008 -0.022 -0.137 -0.134 0.002 -0.138 -0.125 0.017 -0.001 -0.120 
     missing) MixNChi -0.145 -0.216 -0.010 -0.036 -0.135 -0.101 -0.018 -0.126 -0.128 -0.018 -0.014 -0.108 
              
4. Unconfounded Normal 0.067 -0.180 -0.057 0.009 0.081 0.071 0.102 0.086 0.081 -0.044 0.008 0.072 
   (Center values  Dexp 0.062 -0.196 -0.091 -0.004 0.070 0.102 0.136 0.090 0.080 -0.060 0.018 0.057 
     more likely MixNorm 0.068 -0.173 -0.060 0.009 0.084 0.095 0.135 0.105 0.103 -0.035 0.019 0.077 
     missing) MixNChi 0.077 -0.221 -0.028 0.014 0.106 0.250 0.266 0.105 0.102 -0.039 0.135 0.108 
              
5. Confounded Normal -0.151 -0.340 -0.091 -0.122 -0.141 -0.129 -0.037 -0.139 -0.131 -0.158 -0.116 -0.139 
   (tail values  Dexp -0.197 -0.448 -0.107 -0.150 -0.179 -0.166 -0.030 -0.174 -0.178 -0.185 -0.139 -0.171 
    more likely MixNorm -0.163 -0.407 -0.102 -0.132 -0.145 -0.141 -0.045 -0.150 -0.150 -0.169 -0.134 -0.135 
    missing) MixNChi -0.188 -0.428 -0.119 -0.120 -0.172 -0.132 -0.034 -0.170 -0.177 -0.140 -0.109 -0.123 
* “Overall” means that the four missing rate categories are combined. 
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Table 5.2.6.3—Biases of median estimates (overall *) 
Missing 
Mechanism 

 
Distribution 

 
Incomp  

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal -0.013 -0.003  0.008 -0.011 -0.006  0.001 -0.005 -0.004 -0.004 -0.009 
 Dexp -0.007 -0.007  0.006 0.005 0.001  0.002 0.000 -0.003 -0.001 0.006 
 MixNorm -0.009 0.005  0.011 -0.003 0.008  0.002 0.001 -0.002 -0.008 -0.005 
 MixNChi 0.000 0.029  0.011 0.011 0.010  0.019 0.014 0.044 -0.002 0.017 
              
2. Unconfounded Normal -0.001 0.005 -0.001 0.011 0.005 0.008 0.000 0.008 0.011 -0.001 0.000 0.006 
   (tail values  Dexp -0.007 -0.006 0.001 0.008 -0.001 -0.001 -0.007 0.002 -0.010 0.000 -0.003 -0.002 
    more likely MixNorm -0.004 -0.005 -0.001 0.008 -0.001 -0.004 0.002 0.003 0.004 0.002 -0.005 0.000 
    missing) MixNChi 0.003 0.025 -0.007 0.028 0.008 0.013 -0.002 0.016 0.011 -0.010 0.000 0.012 
              
3. Unconfounded Normal -0.099 -0.097 0.021 -0.015 -0.094 -0.094 -0.024 -0.090 -0.096 0.006 -0.003 -0.085 
   (large values  Dexp -0.115 -0.118 0.026 -0.025 -0.103 -0.115 -0.026 -0.111 -0.102 0.006 -0.008 -0.093 
     more likely MixNorm -0.116 -0.106 0.026 -0.011 -0.107 -0.112 -0.022 -0.115 -0.104 0.007 -0.002 -0.093 
     missing) MixNChi -0.124 -0.118 0.014 -0.030 -0.116 -0.114 -0.048 -0.110 -0.113 -0.021 -0.033 -0.100 
              
4. Unconfounded Normal 0.011 0.008 0.056 0.004 0.028 0.013 0.035 0.019 0.020 -0.014 0.001 0.023 
   (Center values  Dexp -0.022 -0.006 0.061 -0.026 -0.019 -0.005 0.025 -0.004 -0.006 -0.019 -0.002 -0.021 
     more likely MixNorm 0.005 0.010 0.056 -0.007 0.018 0.014 0.032 0.022 0.026 -0.008 0.001 0.015 
     missing) MixNChi -0.006 0.082 0.118 0.010 0.007 0.028 0.047 0.006 0.009 -0.025 0.003 0.005 
              
5. Confounded Normal -0.011 0.007 0.015 -0.003 0.006 -0.002 0.004 -0.005 0.004 -0.003 0.001 0.001 
   (tail values  Dexp -0.002 -0.001 0.024 0.011 0.008 0.005 0.013 0.006 0.002 0.001 0.010 0.003 
    more likely MixNorm -0.012 -0.008 0.003 -0.001 -0.002 -0.009 -0.006 -0.004 -0.004 -0.007 -0.020 0.001 
    missing) MixNChi 0.008 0.004 0.018 0.042 0.014 0.016 0.014 0.017 0.011 0.003 0.019 0.020 
* “Overall” means that the four missing rate categories are combined. 
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5.2.7 Average imputation error 
 
Average imputation error is defined as 
 

1 2

1m
y yi i

i

m

( )* −
=
∑ , 

 
where m is the number of missing values, yi is the true value which is intentionally set to missing, 
and yi

*  is the imputed value for the i-th missing case. That an imputation method has smaller 
average imputation errors only implies that the method provides imputations on average closer 
to the real values. This does not necessarily means that it gives more accurate estimates for all 
types of statistics, although this is true in many situations. 
 
Tables 5.2.7.1–5.2.7.5 present average imputation errors for the combined missing rate 
categories and each separate missing rate category, respectively. The figures in the tables have 
been standardized by dividing the true standard deviation from the original imputation errors.  
 
Across all missing mechanisms, the random imputation, mean with disturbance imputation, ABB, 
BB, and adjusted data augmentation methods all have the similar imputation errors that are 
significantly larger than the imputation errors for the other methods for almost all distributions, all 
missing rates, and all missing categories. 
 
The ratio imputation method always has the smallest or close to smallest average imputation 
errors. Schafer’s software and PROC IMPUTE are competitive candidates. These three 
methods have substantially smaller average imputation errors than the others. The hot deck, 
ratio with disturbance imputation, and mean imputation methods sit in the middle in terms of 
average imputation error. They are significantly worse than the three best methods, but they are 
better than the worst five methods. Mean imputation has very small imputation errors for missing 
mechanism (4) because center values are more likely missing with this missing mechanism and 
the mean imputation method imputes the mean values for them. 
 
It is also noticed that most methods give fairly consistent average imputation errors, while 
PROC IMPUTE and hot deck have much larger average imputation errors for the mixed 
distribution of normal and Chi-square than they do with the other three distributions for all 
missing mechanisms except mechanism (4). This probably indicates that these two methods are 
not very good at recovering tail or large missing values. 
 
The relative performance of the imputation methods in terms of average imputation error is very 
consistent across the missing rate categories. 
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Table 5.2.7.1—Average imputation error (overall *)  
Missing 
Mechanism 

 
Distribution 

Missing 
rates 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

Adj. 
DA 

1. MCAR Normal 24.7% 1.008  0.971 1.402 1.406  1.406 1.432 0.671 0.607 1.405 
 Dexp 25.0% 0.970  1.068 1.392 1.411  1.375 1.393 0.584 0.611 1.394 
 MixNorm 24.9% 0.997  1.114 1.378 1.386  1.397 1.371 0.591 0.626 1.388 
 MixNChi 24.9% 0.989  1.721 1.362 1.417  1.386 1.477 0.836 0.628 1.396 
                   
2. Unconfounded Normal 17.7% 1.258 0.496 1.330 1.581 1.556 1.056 1.556 1.569 0.671 0.516 1.622 
   (tail values  Dexp 18.0% 1.438 0.567 1.594 1.671 1.678 1.006 1.653 1.670 0.576 0.521 1.746 
    more likely MixNorm 18.5% 1.359 0.543 1.558 1.597 1.615 1.033 1.605 1.612 0.576 0.519 1.654 
    missing) MixNChi 16.8% 1.759 0.723 2.141 1.905 1.896 1.027 1.911 1.920 1.378 0.481 1.992 
                   
3. Unconfounded Normal 9.5% 1.244 0.609 0.995 1.574 1.566 1.183 1.580 1.601 0.825 0.742 1.534 
   (large values  Dexp 9.2% 1.225 0.638 1.150 1.571 1.579 1.129 1.582 1.560 0.919 0.769 1.534 
     more likely MixNorm 9.8% 1.227 0.616 1.081 1.554 1.558 1.119 1.583 1.568 0.924 0.739 1.512 
     missing) MixNChi 9.1% 1.467 0.618 1.638 1.702 1.739 1.105 1.735 1.775 1.295 0.736 1.684 
                   
4. Unconfounded Normal 22.5% 0.781 0.737 1.042 1.307 1.317 1.300 1.332 1.346 0.844 0.951 1.258 
   (Center values  Dexp 19.6% 0.762 0.739 1.064 1.307 1.303 1.277 1.310 1.330 0.841 0.941 1.254 
     more likely MixNorm 21.0% 0.766 0.722 1.011 1.328 1.331 1.300 1.329 1.331 0.833 0.939 1.272 
     missing) MixNChi 23.9% 0.781 0.774 1.103 1.375 1.343 1.321 1.420 1.321 0.789 0.969 1.285 
                   
5. Confounded Normal 25.1% 1.332 0.978 1.382 1.546 1.557 1.405 1.569 1.557 1.167 1.237 1.560 
   (tail values  Dexp 26.9% 1.379 1.101 1.431 1.570 1.556 1.414 1.580 1.564 1.239 1.291 1.581 
    more likely MixNorm 27.1% 1.378 1.094 1.419 1.573 1.575 1.420 1.561 1.579 1.223 1.287 1.587 
    missing) MixNChi 27.1% 1.663 1.416 1.632 1.746 1.740 1.602 1.745 1.736 1.569 1.423 1.776 
* “Overall” means that the four missing rate categories are combined. Average imputation errors for each separate missing rate category are reported in tables 
5.2.7.2 to 5.2.7.5. 
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Table 5.2.7.2—Average imputation error with about 10% missing values * 
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 1.061  0.822 1.450 1.375  1.440 1.452 0.641 0.632 1.458 
 Dexp 0.993  0.782 1.358 1.401  1.368 1.366 0.583 0.634 1.377 
 MixNorm 1.032  0.962 1.323 1.417  1.387 1.476 0.635 0.615 1.330 
 MixNChi 1.164  1.077 1.522 1.585  1.540 1.848 1.162 0.545 1.567 
             
2. Unconfounded Normal 1.285 0.472 1.014 1.683 1.641 1.111 1.557 1.585 0.479 0.523 1.728 
   (tail values  Dexp 1.558 0.475 1.615 1.865 1.802 0.973 1.774 1.781 0.649 0.514 1.924 
    more likely MixNorm 1.510 0.511 1.656 1.726 1.764 1.066 1.728 1.702 0.667 0.546 1.755 
    missing) MixNChi 2.288 0.706 2.420 2.385 2.394 1.049 2.391 2.386 1.485 0.474 2.458 
             
3. Unconfounded Normal 1.272 0.588 0.948 1.560 1.616 1.167 1.619 1.635 0.737 0.708 1.546 
   (large values  Dexp 1.306 0.634 1.040 1.643 1.609 1.070 1.570 1.725 0.883 0.757 1.628 
     more likely MixNorm 1.291 0.685 1.252 1.613 1.589 1.148 1.692 1.636 0.818 0.763 1.597 
     missing) MixNChi 1.909 0.672 2.144 2.052 2.150 1.221 2.091 2.094 1.578 0.760 2.001 
             
4. Unconfounded Normal 0.771 0.775 1.036 1.267 1.323 1.273 1.246 1.276 0.835 0.950 1.246 
   (Center values  Dexp 0.647 0.650 1.008 1.167 1.178 1.202 1.199 1.246 0.779 0.899 1.147 
     more likely MixNorm 0.768 0.758 0.981 1.326 1.308 1.227 1.276 1.231 0.846 0.953 1.318 
     missing) MixNChi 1.138 1.143 1.295 1.666 1.505 1.475 1.411 1.449 1.120 1.233 1.581 
             
5. Confounded Normal 1.412 0.981 1.411 1.755 1.646 1.342 1.662 1.724 1.205 1.271 1.769 
   (tail values  Dexp 1.470 1.158 1.523 1.703 1.698 1.500 1.742 1.730 1.246 1.379 1.696 
    more likely MixNorm 1.511 1.234 1.560 1.751 1.747 1.542 1.679 1.741 1.332 1.432 1.752 
    missing) MixNChi 2.212 1.886 2.154 2.348 2.377 2.079 2.349 2.268 2.163 1.930 2.369 
* There are about 5% missing values for missing mechanism 3. 
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Table 5.2.7.3—Average imputation error with about 20% missing values * 
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 0.983  0.855 1.430 1.389  1.377 1.416 0.609 0.583 1.434 
 Dexp 1.013  0.984 1.447 1.437  1.376 1.424 0.601 0.592 1.450 
 MixNorm 1.021  0.966 1.378 1.352  1.428 1.383 0.599 0.628 1.399 
 MixNChi 1.154  1.362 1.496 1.511  1.433 1.389 0.774 0.684 1.525 
             
2. Unconfounded Normal 1.307 0.520 1.286 1.662 1.560 1.088 1.586 1.612 0.618 0.514 1.709 
   (tail values  Dexp 1.497 0.534 1.607 1.711 1.736 1.040 1.727 1.673 0.582 0.508 1.775 
    more likely MixNorm 1.340 0.543 1.581 1.556 1.648 1.061 1.536 1.617 0.571 0.530 1.611 
    missing) MixNChi 1.649 0.751 2.306 1.782 1.838 1.083 1.823 1.885 1.105 0.490 1.902 
             
3. Unconfounded Normal 1.274 0.622 1.052 1.580 1.565 1.186 1.560 1.687 0.730 0.745 1.562 
   (large values  Dexp 1.315 0.694 1.249 1.712 1.720 1.192 1.624 1.616 0.840 0.805 1.673 
     more likely MixNorm 1.289 0.580 1.124 1.647 1.615 1.105 1.548 1.601 0.991 0.650 1.627 
     missing) MixNChi 1.635 0.632 1.773 1.847 1.852 1.002 1.813 1.905 1.540 0.732 1.844 
             
4. Unconfounded Normal 0.718 0.703 1.033 1.264 1.256 1.273 1.328 1.277 0.828 0.929 1.235 
   (Center values  Dexp 0.772 0.762 1.091 1.300 1.292 1.336 1.284 1.379 0.851 0.922 1.250 
     more likely MixNorm 0.735 0.705 0.984 1.241 1.268 1.318 1.269 1.297 0.808 0.920 1.208 
     missing) MixNChi 0.800 0.805 1.063 1.328 1.372 1.254 1.301 1.491 0.796 0.992 1.273 
             
5. Confounded Normal 1.364 0.994 1.359 1.616 1.608 1.428 1.608 1.583 1.158 1.269 1.633 
   (tail values  Dexp 1.472 1.145 1.468 1.708 1.673 1.524 1.661 1.693 1.266 1.337 1.718 
    more likely MixNorm 1.436 1.064 1.422 1.645 1.641 1.413 1.659 1.683 1.243 1.297 1.671 
    missing) MixNChi 1.777 1.539 1.727 1.841 1.835 1.677 1.861 1.860 1.617 1.513 1.868 
* There are about 10% missing values for missing mechanism 3. 
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Table 5.2.7.4—Average imputation error with about 30% missing values * 
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 1.014  0.991 1.381 1.413  1.431 1.433 0.669 0.608 1.386 
 Dexp 0.972  1.059 1.347 1.440  1.416 1.370 0.601 0.638 1.350 
 MixNorm 1.003  1.118 1.369 1.407  1.410 1.364 0.550 0.615 1.372 
 MixNChi 0.919  1.677 1.358 1.405  1.395 1.390 0.791 0.667 1.334 
             
2. Unconfounded Normal 1.262 0.482 1.453 1.552 1.529 1.011 1.589 1.567 0.679 0.526 1.602 
   (tail values  Dexp 1.423 0.624 1.652 1.626 1.661 1.045 1.640 1.662 0.573 0.530 1.708 
    more likely MixNorm 1.385 0.587 1.528 1.634 1.619 1.040 1.627 1.639 0.565 0.516 1.707 
    missing) MixNChi 1.745 0.646 2.109 1.843 1.873 0.957 1.908 1.881 1.558 0.484 1.956 
             
3. Unconfounded Normal 1.226 0.622 0.971 1.609 1.592 1.161 1.588 1.569 0.800 0.767 1.565 
   (large values  Dexp 1.191 0.598 1.203 1.531 1.550 1.108 1.548 1.538 0.909 0.747 1.492 
     more likely MixNorm 1.219 0.628 1.112 1.511 1.611 1.132 1.631 1.602 0.911 0.790 1.459 
     missing) MixNChi 1.369 0.593 1.616 1.662 1.712 1.130 1.727 1.781 1.152 0.685 1.626 
             
4. Unconfounded Normal 0.766 0.732 1.018 1.284 1.323 1.303 1.347 1.342 0.835 0.947 1.231 
   (Center values  Dexp 0.761 0.729 1.027 1.328 1.363 1.270 1.290 1.327 0.825 0.955 1.281 
     more likely MixNorm 0.747 0.709 1.068 1.341 1.351 1.304 1.311 1.363 0.834 0.951 1.276 
     missing) MixNChi 0.642 0.629 0.846 1.201 1.244 1.227 1.285 1.242 0.657 0.841 1.096 
             
5. Confounded Normal 1.328 0.970 1.380 1.518 1.567 1.418 1.564 1.544 1.161 1.220 1.537 
   (tail values  Dexp 1.398 1.111 1.475 1.579 1.570 1.399 1.621 1.581 1.292 1.325 1.597 
    more likely MixNorm 1.366 1.110 1.407 1.576 1.577 1.414 1.539 1.564 1.225 1.301 1.585 
    missing) MixNChi 1.582 1.356 1.580 1.682 1.666 1.547 1.669 1.663 1.476 1.369 1.718 
* There are about 15% missing values for missing mechanism 3. 



 92

Table 5.2.7.5—Average imputation error with about 40% missing values * 
Missing 
Mechanism 

 
Distribution 

Mean 
Imp. 

Ratio 
Imp. 

Hot 
Deck 

 
Random 

 
Mean +e 

 
Ratio +e  

 
ABB 

 
BB 

Proc 
Impute 

 
Schafer 

 
Adj DA 

1. MCAR Normal 1.005  1.043 1.390 1.417  1.394 1.435 0.709 0.614 1.393 
 Dexp 0.940  1.172 1.405 1.377  1.346 1.400 0.562 0.595 1.401 
 MixNorm 0.971  1.213 1.400 1.378  1.373 1.341 0.605 0.637 1.409 
 MixNChi 0.909  2.002 1.255 1.337  1.317 1.488 0.811 0.586 1.336 
             
2. Unconfounded Normal 1.209 0.499 1.353 1.510 1.543 1.051 1.505 1.535 0.754 0.505 1.538 
   (tail values  Dexp 1.358 0.567 1.519 1.602 1.600 0.956 1.560 1.630 0.544 0.525 1.686 
    more likely MixNorm 1.287 0.516 1.531 1.541 1.529 0.994 1.585 1.553 0.551 0.505 1.599 
    missing) MixNChi 1.602 0.769 1.875 1.835 1.719 1.027 1.754 1.756 1.380 0.474 1.878 
             
3. Unconfounded Normal 1.232 0.597 0.998 1.546 1.526 1.205 1.571 1.565 0.920 0.730 1.488 
   (large values  Dexp 1.173 0.638 1.083 1.499 1.511 1.127 1.588 1.491 0.977 0.770 1.455 
     more likely MixNorm 1.174 0.602 0.959 1.512 1.466 1.107 1.521 1.495 0.928 0.734 1.454 
     missing) MixNChi 1.254 0.612 1.356 1.504 1.526 1.109 1.556 1.561 1.122 0.769 1.504 
             
4. Unconfounded Normal 0.826 0.749 1.066 1.356 1.341 1.319 1.345 1.401 0.862 0.966 1.292 
   (Center values  Dexp 0.783 0.757 1.092 1.327 1.291 1.273 1.362 1.330 0.863 0.948 1.261 
     more likely MixNorm 0.796 0.732 0.985 1.361 1.352 1.307 1.386 1.347 0.841 0.935 1.288 
     missing) MixNChi 0.739 0.725 1.225 1.423 1.354 1.369 1.562 1.260 0.760 0.963 1.325 
             
5. Confounded Normal 1.300 0.975 1.388 1.474 1.502 1.400 1.530 1.510 1.167 1.225 1.486 
   (tail values  Dexp 1.292 1.055 1.351 1.456 1.445 1.345 1.460 1.436 1.180 1.217 1.466 
    more likely MixNorm 1.319 1.056 1.386 1.479 1.491 1.394 1.492 1.489 1.182 1.228 1.495 
    missing) MixNChi 1.447 1.203 1.418 1.512 1.499 1.426 1.502 1.516 1.395 1.215 1.543 
* There are about 20% missing values for missing mechanism 3. 
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